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Abstract

For a general class of dynamic and stochastic structural models, we show that (i) non-
linearity in economic dynamics is a necessary and sufficient condition for time-varying
parameters (TVPs) in the reduced-form VARMA process followed by observables, and
(ii) all parameters’ time-variation is driven by the same, typically few sources of stochas-
ticity: the structural shocks. Our results call into question the common interpretation
that TVPs are due to “structural instabilities”. Motivated by our theoretical analysis,
we model a set of macroeconomic and financial variables as a TVP-VAR with a factor-
structure in TVPs. This reveals that most instabilities are driven by a few factors,
which comove strongly with measures of macroeconomic uncertainty and the contribu-
tion of finance to real economic activity, commonly emphasized as important sources of
non-linearities in macroeconomics. Furthermore, our model yields improved forecasts

relative to the standard TVP-VAR where TVPs evolve as independent random walks.
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1 Introduction

Since their introduction by Sims (1980), vector autoregressions (VARs) have arguably be-
come the most widely used tool for empirical work in macroeconomics, both for forecasting
and for causal inference (see Clark and McCracken (2013) and Ramey (2016) for surveys).
Since the mapping between linearized dynamic stochastic general equilibrium (DSGE) mod-
els and standard, constant parameter (CP)-VARs is well established (see e.g. Sims (2001);
Fernandez-Villaverde et al. (2007)), these structural and empirical frameworks are often used
in conjunction: researchers use VARs to test restrictions implied by DSGEs, develop priors
for DSGE models based on VARs and vice versa (Del Negro and Schorfheide, 2004), and
estimate DSGE parameters using VAR impulse-responses (Christiano et al., 2005).

Many studies allow for instability of VAR parameters using a wide range of methodologies:
break-point or split-sample approaches (Andrews, 1993; Boivin and Giannoni, 2006), time-
varying parameter (TVP) models with or without stochastic volatility (Cogley and Sargent,
2005; Primiceri, 2005), regime-switching models (Hamilton, 1989; Kim and Nelson, 1999;
Sims and Zha, 2006), machine-learning techniques (Goulet Coulombe, 2025; Hauzenberger
et al., 2025) as well as model averaging strategies (Artis et al., 2007; Koop and Korobilis,
2012). Among them, many associate instability of VAR parameters with instability of the
economic environment that agents operate in (“structural instabilities”). For example, a
range of papers use time-varying VARs to explore whether the Great Moderation is due to a
change in the conduct of monetary policy (Stock and Watson, 2003; Primiceri, 2005; Cogley
and Sargent, 2005; Sims and Zha, 2006; Boivin and Giannoni, 2006; Canova et al., 2007) or
to study the effects of globalization or European integration (Ciccarelli and Rebucci, 2006;
Gambetti and Musso, 2017; Bianchi and Civelli, 2015).

However, the mapping between structural models and time-variation in VARs remains
unclear. From a practical point of view, Benati and Surico (2009) show that TVP-VARs
are not suitable to detect a shift in monetary policy in simulated data. From a theoretical
angle, it is unclear how to reconcile rational, forward-looking agents with drifting VAR
representations.! In the end, we are left with an imprecise understanding of the structural
origins and nature of TVPs in VARs.

We narrow this gap. First, we characterize the origins of TVPs in the linear, reduced-
form model for observables generated by a general class of dynamic and stochastic (macroe-

conomic) models. Under continuous exogenous variables with stable dynamics, we show that

1See also the discussion in Fernédndez-Villaverde and Rubio-Ramirez (2007).
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non-linearity of the structural equations is both a necessary and sufficient condition for time-
variation in the parameters of the VARMA process followed by observables. For this result,
we restrict our attention to smooth non-linearities,? and we assume that agents form rational
expectations. Under more general exogenous dynamics, TVPs are obtained regardless of the
(non-)linearity of structural dynamics. In line with Benati and Surico (2009), our analysis
calls into question the interpretation of TVPs as evidence of evolving policy rules or regime
shifts. Instead, it suggests that the linear relationships among variables in reduced-form

models appear time-varying because they are, in fact, not linear.

Our second theoretical contribution concerns the nature of time-variation of parameters
in observables’ reduced-form processes. We show that a non-linear structural model leads
to TVPs that are (non-linear) functions of the model’s endogenous and exogenous variables.
Since the dynamics of these variables are ultimately driven by a small set of structural shocks,
the time-variation of all parameters originates from a few common sources of stochasticity,
which suggests reduced-rank variation. This provides a theoretical explanation for the recent
success of machine-learning approaches that model TVPs as general functions of observables
like Goulet Coulombe (2025), it rationalizes the strong ex-post correlations among esti-
mated TVPs documented in empirical work like Cogley and Sargent (2005), and it justifies
econometric approaches that — motivated by this evidence and by a desired dimensionality-

reduction — impose a reduced-rank structure or cross-equation restrictions on the evolution
of TVPs, like Canova and Ciccarelli (2009) and Grassi and van der Wel (2013).

Guided by these theoretical insights, we propose an empirical framework that embeds the
reduced-rank nature of parameter-instability directly into the specification of a TVP-VAR.
In contrast to the standard approach of modelling each time-varying parameter as an inde-
pendent random walk (Primiceri, 2005), we allow all intercepts, autoregressive coefficients,
contemporaneous relationships, and stochastic volatilities to evolve according to a small num-
ber of latent factors. This Factor-TVP-VAR specification sharply reduces the dimensionality
of the state space and aligns with the theoretical result that only a few underlying forces
drive all parameter changes. We further develop a grouped-factor variant that distinguishes
between factors driving the propagation mechanism, the contemporaneous covariance struc-
ture, and stochastic volatilities, improving interpretability. Applied to U.S. macro-financial
data, this approach yields economically meaningful factors—such as those linked to the role
of finance in real activity—uncovers structural changes in transmission mechanisms, and
delivers improved forecasting performance relative to both CP- and standard TVP-VAR

benchmarks.

2Structural equations are a finite-order polynomial in endogenous and exogenous variables.
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Related Literature A large literature has examined parameter-instability in VARs using
a variety of approaches. The influential contributions of Cogley and Sargent (2005) and
Primiceri (2005) establish the now-standard TVP-VAR framework with stochastic volatility.
They also show that allowing for time-variation improves empirical fit and that ignoring
changes in volatility can produce spurious time-variation in other parameters. Subsequent
refinements include improved Bayesian estimation algorithms (Negro and Primiceri, 2015),
extensions to local projections (Inoue et al., 2024), and the incorporation of high-dimensional
or machine-learning methods to inform TVPs with richer information sets (Goulet Coulombe,
2025; Hauzenberger et al., 2025). Parallel strands have pursued specifications with more
specific time-variation such as regime-switching models (Hamilton, 1989; Kim and Nelson,
1999), though Baumeister and Peersman (2013) show that TVP-models can capture both
gradual and abrupt changes in parameters. Within this broad literature, we contribute
a structural foundation for when and why TVPs arise, and we develop a theory-consistent
modelling strategy that addresses the dimensionality challenges identified in earlier empirical
studies. Our treatment builds on the insight of Granger (2008) that non-linear processes can
be written as linear processes with TVPs, and it contrasts with the approach of Aruoba
et al. (2017), who proceed with explicitly non-linear (quadratic) processes for observables
derived under a DSGE model linearized to second order. Our focus on continuous endogenous
variables and smooth non-linearities differs from Aruoba et al. (2021), who derive a regime-
switching VAR under a DSGE model with an occasionally binding constraint, variants of
which are analyzed in Mavroeidis (2021); Aruoba et al. (2022); Duffy et al. (2024, 2025).

Our theoretical results have important implications for the economic interpretation of
time-variation in VARs. In response to a range of studies that used TVP-VARs to analyze
whether the Great Moderation is explained by good policy (a change in the conduct of
monetary policy) or good luck (a reduced volatility of shocks), Benati and Surico (2009) point
to an unclear mapping between a simulated shift in monetary policy and the instability of
VAR-parameters. Specifically, they simulate data from a linearized New Keynesian economy
under a baseline specification and under an increased responsiveness of the interest rate to
inflation — with agents unaware of this shift —, and they show that VARs estimated on the
two samples display differing autoregressive and error-covariance-parameters in all equations.
This questions the applicability of TVP-VARs for inference on “structural instabilities”. It
also renders SVAR-based counterfactuals, which only change the autoregressive parameters
in the interest rate-equation, ill-motivated — a point further developed in Benati (2010).
Our analysis casts doubt on the link between TVPs in VARs and “structural instabilities”

for a general class of structural models: under typical dynamics of exogenous processes, we
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establish a correspondence between TVPs in VARMASs and non-linearities in the underlying
structural model. This relation of TVPs to non-linearities is preserved even under more
general exogenous dynamics, including discrete changes in objects typically specified as time-
invariant, such as Taylor-rule parameters. In line with Hurwicz (1962), we define structural
parameters as objects invariant to shocks, which prompts us to cast “structural instabilities”

as exogenous processes, with respect to which agents form rational expectations.

Our theoretical analysis also concerns the nature of time-variation in VAR parameters,
with consequences for the methodology used to model them. By pointing to non-linearities
as sources of time-variation, our theory is in line with the recent success of machine-learning
approaches for modelling TVPs, like Goulet Coulombe (2025); Hauzenberger et al. (2025).
By pointing to reduced-rank variation in TVPs, our theory rationalizes the ex-post correla-
tion found in estimated TVPs that are specified ex-ante as independent processes (Cogley
and Sargent, 2005; Stevanovic, 2016; Renzetti, 2024). Also, it justifies the methodological
approaches of Canova and Ciccarelli (2009); Grassi and van der Wel (2013); de Wind and
Gambetti (2014); Stevanovic (2016); Carriero et al. (2016a); Chan et al. (2020), who impose
a factor structure or cross-equation restrictions on TVPs. In line with Stevanovic (2016),
our subsequent empirical analysis points to forecasting gains of this reduced-rank structure
relative to the typical specification of TVPs as independent processes. Like Chan et al.

(2020), we also get more precisely estimated impulse-responses.

The rest of the paper is structured as follows. Section 2 presents our theoretical re-
sults, based on which Section 3 introduces our proposed Factor-TVP-VAR. Structural and

predictive applications are discussed in Sections 4 and 5. Section 6 concludes.

2 Theory: TVPs in VARs

In this section, we present our theoretical results. Proofs are in Appendix A. Appendix B

develops in more detail the example models we use to illustrate our setup and results.

Consider a vector of macroeconomic observables y7. Motivated by the Wold representa-
tion, in empirical work, researchers predominantly stipulate that y; evolves as a Constant
Parameter (CP-)VARMA process, as set up in Definition 1. A second popular class of models
are VARMA processes with time-varying parameters (TVPs), as specified by Definition 2
for a generic type of time-variation. Granger (2008) provides an econometric justification
for this choice, arguing that any non-linear process, i.e. any process outside the class of
CP-VARMA models, can be written as a linear process with TVPs, i.e. a TVP-VARMA.
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Researchers, however, commonly allow for TVPs based on an economic rationale that in-
tuitively relates TVPs to “structural instabilities”. Once the choice is made in favor of a
TVP-VARMA, there is a vast array of possibilities how to set up the time-variation of pa-
rameters. A particularly common approach is to specify a regime-switching (RS) variation,
leading to a RS-VARMA process, as stated in Definition 3.

Our theoretical analysis aims to characterize the mapping between the structural envi-
ronment that generates y7 and the stability of parameters in its linear reduced-form process.
By inverting this mapping, then, we can determine which kind of inference on the properties
of the structural environment is permissible based on the presence of TVPs in observables’
VARMA process. The analysis also allows us to investigate salient properties of TVPs that

can be exploited for selecting among the plethora of methods proposed to model them.

Definition 1 (CP-VARMA). We say z; follows a CP-VARMA (p,q) process if
p q
T = (DO + Z @ll‘t_l + Z @kut_k + Ut Ug ~ VVY.ZV(O7 Z) .
=1 k=1
Definition 2 (TVP-VARMA). We say z; follows a TVP-VARMA (p,q) process if
p q
= Doy + Z Dy + Z Op g +ur, u~WN(0,%,),
1=1 k=1
and 3 at least one (r,s) and one element & of {P®i4}]_q, {Okt}iy or Xi s.t. &, # &s.
Definition 3 (RS-VARMA). We say x; follows a RS-VARMA (p,q) process if
p q
ry = Pp(s;) + Z Dy(s¢) w41 + Z Or(se)ur—k +up ,  ug ~ WN(0,%(s))
1=1 k=1
for s; ~ ng-state Markov chain with transition matriz T, and 3 at least one pair (s,s’) and

one element &(s¢) of Po(st), {Pi(se) H_i, {Or(se) i, or X(se) s.t. E(s) # E(5).

To trace out this mapping, we set up a general structural environment and derive the
resulting process followed by observables under different structural properties. Let y; be an

n, X 1 vector of endogenous variables whose dynamics are determined by the set of equations

]Et [F(yta Yt+1, Yt—1, €, €41, 9)] =0 ) (1)



This Version: 2025-12-23 6
given the dynamics of an n. x 1 vector of exogenous processes ¢;. We assume ¢; = (e, ed)’
is composed of an n-dimensional continuous component ¢§ and an nd-dimensional discrete-

valued component ef, which are mutually independent® and evolve as:

ei = Ge(0)ef +erpr, &~ WN(0,3:(0)), X4(0) p.d., (2)

el | ~ Markov Chain with n states and transition matrix 7;(6) . (3)

F'is a vector-valued function with an n,-dimensional domain. The function F' and matrices
Gy, X, and T} are indexed by a vector of time-invariant parameters . We define ¢, = ¥ ;,€;,
where Y4, is the Cholesky-factor of ¥; and ¢ is a vector of shocks with V]e;| = I. E;[-] =
E[-|#] is the expectation taken with the information set % = {y;—;, ;- }72, and with full
knowledge of the model’s structure embodied by Egs. (1) to (3) and the laws of motion of

Gy, ¥, and T}, which we leave unspecified.*

Running Example 1 (Neoclassical Growth (NCG) Model).

The canonical NCG model can be characterized in terms of two non-linear equations:

;"= BE [ (1 = 0+ ae™ k)] =0,
Ct + kft+1 - (1 - 5)kt - eztk'? =0.

They describe the dynamics of endogenous variables y, = (¢y, ky11)' in terms of the exogenous
Total Factor Productivity (TFP) process e; = z, typically assumed to follow an AR(1):

2 = p.z1 o6, €~ N(0,1).
The structural parameters are 0 = («, 5,7,0, p.,0)’.

Eq. (1) is general enough to accommodate any dynamic and stochastic macroeconomic
structure of interest. Nevertheless, for now we restrict our attention to linear and smoothly
non-linear functions F' by requiring F' to be a finite-order polynomial, and — relatedly — we
focus on endogenous variables 3, with continuous support. F' can be the set of equilibrium
conditions derived from agents’ optimization problems under some notion of equilibrium,
as in Running Example 1. In that case, our definition of E; amounts to assuming that
agents form rational expectations (REs). Our definition of 6 as time-invariant renders those

parameters structural in the sense of Hurwicz (1962); they are invariant to shocks.

3 As can be verified easily, our conclusions are unchanged if G' and ¥ in the equation for e{ depend on ef.

4For technical reasons, we assume that 8yi¢+h/6e§t # 0 for at least one h > 0,9 =1:ny, and j =1: n,,
and — if ng > 0~ B, [F(-)|ef = s] # By [F(-)|ef = '] for at least one pair (s, s').
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The literature typically considers structural models where all exogenous processes in e;

d

are continuous (n¢ = 0) and evolve based on an autoregressive law of motion with CPs

(Gy = G and ¥; = X). We refer to this environment as “typical exogenous dynamics”.

Our setup in Egs. (2) and (3) is considerably more general. It can accommodate both
continuous and discrete exogenous variables, whose dynamics can exhibit arbitrary instabil-
ities over time, i.e. we allow for arbitrary laws of motion of G;, ¥; and T;. In particular,
our setup can accommodate “structural instabilities”. For example, suppose that — follow-
ing a policy reform — the depreciation rate 6 in Running Example 1 undergoes a one-time
increase from &7, to dg at some specific period. Then it ceases to be structural in the sense
of Hurwicz (1962). Instead, we include it as §; in e?, specify {d.,0y} as its support, and
stipulate in 7; some probabilities of transitioning between those two values. Similarly, a
smoothly time-varying discount factor 3; would be included in ef and G, and ¥; would be
specified accordingly. Our definition of [E; requires agents to form REs with regard to any
such instabilities. However, we allow for arbitrary dynamics of G, ¥; and T; and a wide
range of low probability-realizations of e;;;. Ultimately, we only require agents to be aware

of any structural instabilities.

We emphasize this aspect of our setup because researchers often disagree on which param-
eters are structural, and some use TVPs in observables’ VARMA process to conduct inference
on structural instabilities. A prominent example are Taylor-rule parameters, which charac-
terize the interest rate response to changes in inflation and output in the New Keynesian
(NK) model. While they are typically specified as constant — and therefore structural —
a range of studies explores an exogenous increase in the responsiveness of the interest rate
to inflation as a possible explanation for the Great Moderation (Benati and Surico, 2009).
Analogously, in open economy models, the discount factor or the world-interest rate (as per-
ceived by domestic agents) are often specified as functions of domestic asset holdings in order
to induce stationarity of endogenous variables (Schmitt-Grohé and Uribe, 2003). Therefore,
we are particularly interested in the relation between TVPs and discrete structural instabil-
ities (breaks). As discussed above, we include the latter in ¢ and we assume that agents are

aware of their time-variation.?

Under the typical exogenous dynamics referenced above, it has been established that a

5We refrain from referring to them as time-varying or unstable structural parameters due to our definition
of structural borrowed from Hurwicz (1962) and Ferndndez-Villaverde and Rubio-Ramirez (2007). Disre-
garding semantics, a pragmatic view on our setup is the following: 6 contains all time-invariant structural
objects, e; all time-varying objects determined outside the macroeconomic structure in Eq. (1), and g, all
endogenously time-varying objects.
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linear(ized) DSGE model leads to a finite-order CP-VARMA process for observables y¢ C y;.°

We summarize this result by Proposition 1, and we illustrate it with Running Example 2.

Proposition 1.

Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 andnf =0 (all {e;}}=, are continuous), and Gy = G and Xy = ¥ are constant;

; ; ; / / / / / /
2. F is linear in (Y, Yiqr, Y1—1, €4 €141)'-

Then, any y¢ C y; follows a CP-VARMA(p',q') with p',q < 0.

Running Example 2 (NCG Model, Linear Dynamics).

Consider the following linear dynamics of y; = (¢, kiv1)' given ey = z:

Q%Ct + Q%ktﬂ + Qékt + Q}th + Qézt =0,
Q%Ct + Q%Et[ct—i—l] + Q%Et[ztﬂ] + Qiktﬂ =0,

where {0} }>_, and {07}, are known functions of 0 = («,B,7,8,p.,0.). This is a lin-
ear DSGE model; F is linear in (Ye, Yir1, Y1, €, €i41) " Inserting Beze1] = p.2 and
augmenting the two equations with the law of motion of z, and with expectational errors

e = ¢ — Ey_1[c] yields a linear RE-system with CPs for xy = (y;, ¢, E¢cig1]) -
Co(0)xy = v(0) + T1(0)zi—1 + V(0)e, + T, .

Its non-explosive solution yields a CP-VAR for x;, which implies a CP-VARMA for any
vy Sy C xy.

Motivated by Granger (2008) and the prevalent modeling choices in the literature, we
restrict the reduced-form processes followed by v to two classes: CP-VARMA (11;) and
TVP-VARMA processes (171;). This allows us to regard TVP-VARMA models as the com-
plement of CP-VARMA models. Then, the contrapositive form of Proposition 1 states that
— under typical exogenous dynamics (Condition 1 of Proposition 1) — nonlinear structural
dynamics are a necessary condition for the parameters in the VARMA process for y; to
exhibit time-variation; only if F' is nonlinear, does the VARMA process for yy feature TVPs.

This is summarized by Corollary 1.

6See e.g. Fernandez-Villaverde et al. (2007). In the proof of Proposition 1, we combine results from Sims
(2001) and Liitkepohl (2005) to arrive at this result.

"Such a system is obtained by linearizing the two equations from Running Example 1 around the steady
state (see Appendix B). The origin of F' is, however, irrelevant to our analysis.
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Corollary 1.
Suppose the dynamics of y, are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n& >0 andnd =0 (all {e;;}}=, are continuous), and Gy = G and Xy = ¥ are constant;

2. the researcher considers the following two classes of models for yy C y;:
My : CP-VARMA and Ny : TVP-VARMA .

Then, if y7 follows a TVP-VARMA, F must be nonlinear.

Proposition 2 establishes that non-linear structural dynamics are also a sufficient condi-
tion for observables to follow a TVP-VARMA, at least when attention is restricted to smooth
non-linearities and when typical exogenous dynamics are considered. In its proof, we write
Eq. (1) as a function that features time-varying coefficients and is linear in (y;, y;—1, ¢;) and
expectations of their first- and higher-order interactions. Running Example 3 illustrates. Our
approach echoes the treatment of non-linear processes in Granger (2008) and contrasts with
that in Aruoba et al. (2017), who translate a second-order linearized DSGE model into an
explicitly non-linear (quadratic) process for observables. In this sense, Proposition 2 does not
claim that the process followed by observables is uniquely represented as a TVP-VARMA,

and follows should be read as can be written as.

Proposition 2.

Suppose the dynamics of y, are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 andn? =0 (all {e;i}7<, are continuous), and Gy = G and ¥y = ¥ are constant;

2. F is a pth-order polynomial in (Y,, Y, 1, Yi_1, €5, €441) forp > 2.
Then, any yf C y follows a TVP-VARMA(Y',q') with p',q < oc.

Running Example 3 (NCG Model, Second-Order Linearized Dynamics).

Consider the following non-linear dynamics of yy = (¢4, kiv1)’ given ey = z;:

Q}Ct + Q%kt-i-l + Qékt + Q};kt + Qékf + Qézt + Q%Z? + Qslgktzt =0,
oici + 05¢; + 03B (i) + 03 [C?H] + 03B [2111] + 02 E: [Zt2+1] + 03kri1 + Qékfﬂ

+0skir1Belze1] + 050Bilcir1ze1] + 071 Belci ke =0,

where {0} }3_, and {0?}}1, are known functions of 0 (unchanged relative to Running Fz-

ample 1). Then, F' is a second-order polynomial in (Vi Vi 1,Yi_1,€}, €i41) . Inserting the



This Version: 2025-12-23 10

known expressions for Bylziy1] and Be|z2,], both equations above can be written as linear in
ze = (yy, 21, Ele], Bl ], Ele ze41]) . Augmenting the system with the law of motion of z
and with expectational errors ny = (¢, c2, cize) —Eyq [(cr, €2, ci21)'] yields a linear RE system
with TVPs:

FOt(Q)xt = 7(9) + Flt(Q)xt_l + \Ij(g)ﬁt + Hnt 5

whereby elements of T, and T'y; are linear functions of (y;,y,_y,€;) . Its non-explosive solu-
tion yields a TVP-VAR for x;, which implies a TVP-VARMA for any y{ C y; C x4.

Taken together, Corollary 1 and Proposition 2 establish nonlinearity of F' as both a
necessary and a sufficient condition for TVPs in the VARMA process for yy under the

typical dynamics of e;. This is summarized by Corollary 2.

Corollary 2.
Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 andnd =0 (all {eje}ie, are continuous), and Gy = G and ¥y = ¥ are constant;
2. F is a pth-order polynomial in (Y;, Y, 1, Yi_1, € €441) for p > 1 (including linearity);

3. we consider the two classes of models My and 1My from Corollary 1 for yp C y,.

Then, y¢ follows a TVP-VARMA if and only if p # 1 (i.e. F is nonlinear).

Under more general dynamics of exogenous processes e;, observables follow a TVP-
VARMA regardless of (non-)linearity of F. Under time-varying dynamics of ef and still
excluding discrete-valued exogenous variables ef, this is established by Proposition 3. Going
a step further, Proposition 4 presumes the presence of discrete-valued exogenous processes €.
Under linear structural dynamics and stable exogenous dynamics, the presence of e with
time-invariant transition probabilities T" leads to an RS-VARMA process for observables,
whereby the regimes are determined by e?. In more general cases, however, this regime
switching-nature is subsumed into the generic time-variation due to non-linear structural

dynamics or, possibly, time-varying dynamics for ¢ or ef.

Proposition 3.
Suppose the dynamics of y; are non-explosive and uniquely generated by Fqs. (1) to (3), and
1. n& >0 and nf =0 (all {e;;}}=, are continuous), and Gy and ¥y vary over time: 3 at

least one (r,s) and one element & of Gy or 3; s.t. 8, # &;;

2. F is a pth-order polynomial in (Y;, Y, 1, Yi_1, €5 €441) for p > 1 (including linearity).
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Then, any y{ C y; follows a TVP-VARMA(p',q') with p',q < oc.

Proposition 4.

Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 and n? > 0 (there are both continuous and discrete exogenous processes);

2. F is a pth-order polynomial in (y,, Y, 1, Yi_1, €5, efq)" for p > 1 (including linearity).

Then, if p =1 and Gy = G, ¥y = ¥ and Ty = T are constant, any y; C y: follows a
RS-VARMA(Y ,q') with p',q < oo and regimes determined by el. Else, y? C y; follows a
TVP-VARMA(Y ,q') with p',q < oo.

Overall, our analysis shows that the existence of TVPs in the reduced-form process
is not related to “structural breaks”. As the true structure underlying the dynamics of
macroeconomic observables is likely non-linear, their linear reduced-form process features
TVPs regardless of the exogenous, discrete shocks e affecting the system. Whether such
shocks magnify the time-variation in reduced-form parameters or impact their nature in a
way that can be exploited for inference is — necessarily — an empirical and structure-specific
question. However, even in the specific context of a small NK economy and time-varying
Taylor-rule parameters, and with agents oblivious to changes in the monetary policy regime,
Benati and Surico (2009) point to a unintuitive mapping between this structural instability

and the TVPs in the reduced-form process estimated for simulated observables.

While our analysis so far concerns the origins of TVPs in VARMA models for macroe-
conomic observables, the proof of Proposition 2 and the derivative proofs of Propositions 3
and 4 point to a salient aspect of their nature. Under stable exogenous dynamics, if F'is a
pth-order polynomial, the TVPs in the linear RE-system are (p — 1)th-order polynomials of
(v, Yi_1,€;)'. This is illustrated by Running Example 4 for p = 3. Since the stochasticity of
these variables is entirely due to the shocks to exogenous processes e;, this implies that the
time-variation of all parameters in the matrices of the RE-system is due to structural shocks.
Subsequent transformations that turn these RE-system-parameters into parameters of the
VARMA process for y7 alter the exact mapping between e; and TVPs, but do not change
this fundamental origin of stochasticity. Presuming that the dimensionality of VARMA pa-
rameters exceeds the dimensionality of structural shocks, our analysis points to reduced-rank
variation of VARMA parameters. This rationalizes the high correlation (ex-post) observed
empirically in estimated TVPs even under TVP-VAR specifications that ignore their re-
duced rank-nature ex-ante (see e.g. Cogley and Sargent (2005); Stevanovic (2016); Renzetti
(2024)).
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Time-variation in exogenous dynamics are another source of stochasticity for the TVPs
in observables” VARMA process. Provided that this time-variation is not pervasive, the
dynamics of TVPs are nevertheless mainly driven by the time-varying shocks — rather than

time-variation in their probabilistic structure — and have reduced rank.

Running Example 4 (NCG Model, Third-Order Linearized Dynamics).

Suppose we replace the first equation in Running Fxample 3 by

olci + 0bkiy + 05k = obky + 0Lk? + 05z + 022 + obkizy
+ 0kt + 0107 + 011Kz + 010k 21

which results in F' being a third-order polynomial. This equation can be written as
016t + Okiin + Sk + 052 =0

where V5§, and S, are second-order polynomials of (y;,y,_1,2;) and appear in the resulting
linear RE system with TVPs.

Note that all preceding statements concern population dynamics. They do not make
predictions about which class of models is preferred in finite samples. This choice depends
on the exact specification of the considered CP- and TVP-VARMA models. Due to the
dense parameterization of standard TVP-VARMA approaches, it is likely that a CP-VARMA
model is preferred even under non-linear data-generating processes (DGPs). This holds in
particular as the DGP approaches linearity and exogenous dynamics exhibit little time-
variation; by Corollary 2 and continuity, one can reason that close-to-linear DSGE models

lead to negligible time-variation in VARMA parameters even in population.

Also, note that we trace out the mapping between TVPs and the underlying economic
structure under the assumption that structural equations are smooth and — relatedly —
endogenous variables y; have continuous support. Specifically, due to our requirement that
F' is a finite-order polynomial, our analysis accounts for smoothly non-linear dynamics as
captured by continuously differentiable structural equations, but we can only imperfectly
account for kinked and censored dynamics, as discussed e.g. in Aruoba et al. (2021) under an
effective lower-bound (ELB) on interest rates. The extent of this shortcoming is determined
by the extent to which dynamics evolve around such censoring-points. To illustrate, consider

a toy-model defined by

yy —max{0,a+be,} =0, €1 =pe,+oe, ¢~ N(0,1),
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with 6 = (a, b, p,0)’. The larger a and the smaller (b, o), the better can our analysis approx-
imate the dynamics of v, since the censoring-point becomes less relevant. This is the case
for the typical evolutions of aggregate consumption, working hours and capital stock, all of
which are — at least in theory — censored at zero. On the other hand, the censored nature
of dynamics is important in periods where the interest rate is at (or close to) the ELB or

around sudden stops.

3 Factor-TVP-VAR

In line with the theoretical results from Section 2, we propose a TVP-VAR that acknowledges
the commonalities in parameters’ time-variation. Section 3.1 presents the model, Section 3.2

discusses its estimation.

3.1 Model

We consider a TVP-VAR model inspired by Cogley and Sargent (2005) and Primiceri (2005):

p

Yt = C¢ + ZBlvtyt_l + At_lztEt t=1:T s (4)
=1

€ N(O, I)

where y; is an n x 1 vector of observed endogenous variables, ¢; is an n X 1 vector of time
varying constants, {B}i—1,, are n x n matrices of time varying coefficients, A; is an n x n
lower triangular matrix capturing contemporaneous responses of the endogenous variables
to shocks €;, and ¥; is a diagonal n X n matrix containing stochastic volatilities. Stacking in
an(l+np) x 1 vector by = vec([c; Biy ... Bpy]) all the regression coefficients and defining

Xi=I®[1y -9, Eq. (4) can be rewritten as
}/;g = Xt/bt + A;lEtﬁt . (5)

Let the m x 1 vector 0; = (b}, a}, h;)’ contain all TVPs in this model, whereby a; is an
(n(n — 1)/2) x 1 vector containing the non-zero and non-one elements of the matrix A;
(stacked by rows), and h; is the n x 1 vector with the natural logarithm of the diagonal

elements of the matrix ;. As a result, m = n +n?p+n(n+1)/2.
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The traditional approach — as found, for example, in Primiceri (2005) — posits that each

TVP in 6, follows an independent random walk:
Op =01 +w, w~N(©0Q), (6)

where €2 is a diagonal matrix containing the variances of the innovations to the TVP processes
wy. This structure is flexible and permits a straightforward elicitation of the prior for a whole
TVP process 6j; given priors for the initial value 6,y and innovation variance 2;;. However,
it is inefficient, as it supposes a-priori the same number of sources of time variation as
the number of VAR parameters. The resulting approach is computationally particularly
demanding in higher dimensions, i.e. for higher n and p. Henceforth, we refer to the model
consisting of Egs. (4) to (6) as RW-TVP-VAR.

Based on our theoretical results as well as empirical evidence on strong a-posteriori
correlation of TVPs, we propose a new class of TVP-VAR models where the TVPs 6, —
i.e. the intercepts, slope coefficients, covariances and stochastic volatilities — have a factor

representation.

Definition 4. Common Factor-TVP-VAR
Let 0, = [b,, a}, h}]' be a column-wise m-dimensional vector of all the TVPs in (5), where
m =n+n?p+n(n+1)/2. The VAR process (5) is said to be in Common Factor-TVP form

if 0; has a common linear factor representation:

0, = 0o+ ANofor+wor, wor~ N(0,Q), (7)
for = po(L)for—1+m01, mor~ N(0,Hy), (8)

where fg, is a vector of q factors, with ¢ << m, Ag is an m x q matriz of factor loadings,

po(L) is a finite (matriz) polynomial, we, and ng; are uncorrelated at all leads and lags.

This model acknowledges the commonalities in the dynamics of 6, and ameliorates the
proliferation of state variables as n and p increase. We label the model consisting of Eqs. (4)
and (5) and Definition 4 as Common Factor-TVP-VAR. It reflects our motivation to re-
duce the dimensionality of the state space compared to the traditional TVP-VAR setup. For
instance, the standard TVP-VAR requires filtering m states in (6) while our Common Factor-
TVP model has only ¢ state variables in (8). In addition, commonalities within TVPs follow
the idea that there are only few sources of structural changes that can affect the stability of
parameters in empirical macroeconomic models. On one hand, the VAR relationships may

vary with changes in monetary policy rule (e.g. adoption of inflation targeting), sectoral
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changes (e.g. service sector became more important) and regulation (e.g. financial deregu-
lation since 80s). On the other hand, the uncertainty (or time-varying predictability) can
affect the variance of the forecast errors, and hence imply common stochastic volatility, as
motivated by Jurado et al. (2015). Despite this list is not exhaustive, the number of these

changes is still very small compared to the number of parameters in a typical VAR model.

The above Common Factor-TVP representation suggests that all conditional means of
endogenous variables, the VAR autoregressive coefficients (hence the propagation mecha-
nism) as well as the second moments load on the same underlying factors. Despite its very
general nature, the potential drawbacks of this representation are the lack of interpretation
of the latent factors and the existence of block-level factors that can alter the estimation
of the common component and contaminate the idiosyncratic errors. Hence, grouping the
elements of #; and restricting the parameter space can produce interpretable factors and

provide a more efficient estimation of time instability.

The following representation, that we call Grouped-Factor TVP-VAR, takes into account
these considerations by grouping the VAR parameters into three categories: VAR regressions

coefficients (b;), covariance states (a;) and stochastic volatilities (h;).

Definition 5. Grouped Factor-TVP-VAR
The VAR process (5) is said to be in Grouped Factor-TVP form if 0; has the following

restricted linear factor representation:

by = bo+ ANpfor+whe, whe ~ N(0,8), 9)
ag = ap+ Aafa,t + Wa,ts Wa,t ™~ N((), Qa)a (10)
hi = ho+Apfoe+wne,  wne~ N(0,Qp), (11)

with the following VAR(1) processes for each group of factors:

for = pofor—1+ Mt Mot~ N(0, Hp), (12)
fa,t = pafa,tfl + Na,t, Na,t ™~ N<Oa Ha)a (13>
ot = pnfui—1 + e, e~ N(0, Hy), (14)

where f;, contains q; group-specific factors, \; are the corresponding factor loading matrices,
wi and ;¢ are uncorrelated at all lead and lags, with i € (b,a,h). The covariance matrices

Q; are assumed diagonal.
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This specification is obviously a restricted version of the general model (7)-(8). This
structure is appealing since it allows to pin down the sources of time variation specific to
a group of coefficients. In addition, the group-level factors can be easier to interpret than
the genuinely common shocks. Moreover, imposing a lot of zeros in factor loadings implies
more efficient estimates if the restrictions are likely to hold. Hence, this more parsimonious
specification may provide a better forecasting performance than the Common Factor-TVP

form.

A few modeling decisions are required to make the Factor-TVP-VAR model operational.
First, we must assume the existence of an approximate (exact) factor structure in case of
principal component (likelihood-based) estimation. Second, the number of factors, ¢, has to
be specified ax-ante or selected using a statistical procedure. Our estimation approach is

discussed in Section 3.2.8

3.2 Estimation

For now, we employ a two-step estimation approach. In the first step, we estimate a RW-
TVP-VAR. Following Primiceri (2005), we inform our prior for 6y by the preliminary OLS
estimation of a constant parameter (CP)-VAR. For a prior on 2 — and therefore the degree
of time-variation in 6, —, we follow Amir-Ahmadi et al. (2020) and estimate those hyperpa-
rameters jointly with all other parameters in the model. In a second step, then, we apply

estimate a factor structure for the posterior mean of #, using principal components analysis.’

4 Application: Analyzing Real-Economic and
Financial Interactions with the Factor-TVP-VAR

4.1 Data

We apply our Factor TVP framework proposed in the previous section to estimate a model

for the US economy with a role for the financial sector. Specifically we want to model the

8Note that our Factor-TVP-VAR nests the RW-TVP-VAR. The latter is obtained under ¢ = m and
restricting v = 0, A = I, Z = 0 (which implies degenerate (;), p(L) = I as well as parameterizing H = Q.

9Estimation in a single step is work in progress. It is analogous to the estimation of the RW-TVP-VAR
in Primiceri (2005), with one additional step in the Gibbs sampling iterations. More concretely, relative to
that paper, the state space models used to sample By.7, A;.7 and X1, conditional on all other parameters
feature a different linear-Gaussian transition equation, reflecting the fact that these TVPs evolve according
to a factor structure and not as independent RWs. In the additional step, conditional on #;.7, the parameters
in Definition 4 are sampled using standard factor model estimation.
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joint dynamics and its evolution over time for the following vector of observables

y; = (GDP,,GDPDEF,, FFR, BUSLOANS,,CS;)

where GDP, and GDPDFEF; are GDP growth rate and GDP deflator inflation respec-
tively. The first two variables constitute the non-policy block in the system. A role for
monetary policy is given via the third variable F'F'R;, namely the Federal Funds Rate. A
financial block is included via the last two variables, total business loans growth rate and
Credit spread which is the Moody’s BAA Corporate Bond Yield minus 10-year Treasury
Constant Maturity Rate.!?

We use quarterly data from the FRED database (Federal Reserve Economic Data of the
Federal Reserve Bank of St-Louis). The time span is 1954Q1 - 2013Q2. In our benchmark
specification we use a lag length of 2. Hence, the vector of VAR time varying coefficients,
by = [, vec(B;)']', contains 55 elements. The vector a; contains 10 unique contemporaneous
states of A;. Finally, 5 stochastic volatilities from >, are stacked in h;. Accordingly, the

complete set of time varying parameters is contained in 6, = [b} a; hy]'.

We apply the Grouped-Factor TVP-VAR model (9)-(14). The objective to group the
parameters in this way is to potentially disentangle the sources of common time variation
affecting the transmission mechanism from the ones causing instability in the second mo-
ments. On one hand, changes in economic policies, financial deregulation or in the behaviour
of economic agents are likely to affect mainly the VAR coefficients. On the other hand, the
(financial) risk and (macroeconomic) uncertainty are potential determinants of the instability

in the covariance matrix of the VAR residuals.

4.2 Priors

We follow the standard approach of Primiceri (2005) to parameterize the prior distributions
of the model based on a training sample. We fit a fixed coefficient VAR to the training
sample covering 1954Q4 - 1964Q4. The corresponding mean and the variance of our time
varying AR coefficients (coefficients states, covariance states and log volatility states) are
chosen to be the OLS point estimates and six times its variance in a time invariant VAR,

estimated on the small initial subsample. Summarizing, the priors take the form:

0Similar specifications have been used by Boivin et al. (2020) to study the dynamic macroeconomic effects
of credit shocks.
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where €2 denotes the corresponding block of €2, while a; o5 stand for the two correspondent
blocks of aprs. The specific choices for ky,k, and kj are important. To remain comparable
with the literature we choose our benchmark specification follow Primiceri (2005) setting
kp = 0.01,k, = 0.01 and k, = 0.1.

4.3 Exploring Common Sources of Instability in Macroeconomic

Dynamics

We start by studying the factorability of the estimated time varying parameters (scree plots
and explanatory power of factors). Then, we present the estimated factors and interpret

them in terms of correlations with observable macroeconomic variables.

4.3.1 Do Macroeconomic Dynamics Change due to Common Sources?

We start by evaluating the strength of the factor structure among all TVPs for the benchmark
case. Figure 1 shows the scree plots, trace and the corresponding 68% posterior bands for
each group of coefficients: by, a; and h;. These results suggest 2-3 factors for VAR coefficients,

2 for covariances and 2 factors for stochastic volatilities.

Following factorability results, we now estimate the specific common factors underlying
the drifting parameters and stochastic volatilities. Figure 2 plot the median of sampled
factors and the corresponding posterior 68% error bands. The first B; factor is precisely
estimated while the rest of coefficient factors are less significant and even not very relevant.
In the case of covariance states, the first factor is highly persistent and significant, while
the is imprecise. Finally, both stochastic volatility factors is very significant and precisely

estimated. These findings are also supported by explanatory power analysis in terms of R?s.



This Version: 2025-12-23 19

Scree test Trace
30 T T T 7 T
E 09l
25¢ 1
20} 0.8F
@ g5f | 07t
10} 1 0.6
5t ] 0.5%
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
6‘*
51 0.9+
ab . 0.8
<
3 0.7}
2
0.6,
1 E
0.5
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
0.98
0.96 [
W™ 0.94
*
0921
0.9F
X

1 15 2 25 3 35 4 1 15 2 25 3 35 4

Figure 1: Factorability in case of Grouped-Factor-Structure representation.
This figure shows the posterior median and 68% bands of eigenvectors, cumulative product
of eigenvectors and trace in the case of Grouped-Factor-Structure model. For each group of
parameters these quantities are calculated separately.

4.3.2 The common factor and the share of finance

The Figure 3 compares the first B; factor, (labelled Common Factor) and its HP-filter trend
(labelled Common Factor Trend) with several measures of the share of financial sector in
economy. The Interconnectedness is one minus the measure of Direct Connectedness between
financial and real sectors from Barattieri et al. (2019) that is constructed as the share of
the credit to the non-financial sectors over the total credit market instruments. The authors
argue that the aggregate measure of connectedness declined by about 27% in the period
1952-2009, and show that this increase in disconnectedness between the financial sector and
the real economy may have dampened the sensitivity of the real economy to monetary shocks.
The other series are the measures of the share of finance in U.S. GDP reported by Philippon
(2015). Recall that the common factor captures essentially the co-movements within the
time varying VAR coefficients. Hence, the apparent structural time change in the share of

finance is somehow related to the transmission mechanism in our VAR representation of the
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This figure shows the posterior median and 68% bands of the sampled factors from the
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Figure 2: Factors from the Grouped-Factor-Structure model.

20

corresponding drifting parameters and volatilities. The B, factors are estimates of elements

of ff and are obtained as the first 3 principal components of b,. The A, factors are
constructed as the first 2 principal components of a;. Finally, the ¥, factors are the
estimates of stochastic volatility factors, f/*, and are obtained as the first 2 principal

components of hy.

economy.

4.3.3

Stochastic volatility factor and uncertainty

The Figure 4 compares our first stochastic volatility factor, f{‘t, with the firm and the macro

uncertainty measures from Jurado et al. (2015) and Baker et al. (2013) policy uncertainty.

The stochastic volatility factor is highly correlated with the common macro uncertainty mea-

sure that has been calculated using a factor model applied to hundreds of macroeconomic

time series. In particular, Jurado et al. (2015) estimate forecasting equations for each series

and produce the uncertainty measure as an aggregate stochastic volatility of the forecasting

error across all variables. Hence, the uncertainty is defined as the volatility of the unpre-
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Figure 3: Common TVP factor and various measures of the share of finance.

The thick black line, labeled CommonFactor corresponds to f{’t, the thick red line, labeled
CommonFactorTrend is the trend from f}, obtained by HP filter. The blue line is the
measure of interconnectedness between financial and real sectors from Barattieri et al.

(2019). The rest are various measures of the share of finance in GDP from Philippon
(2015).

dictable part of macro series. The advantage of our approach is that we control for time
variation in the systematic part of the forecasting model, i.e. VAR coefficients are allowed
to vary, so measuring the instability in the unpredictable part is more robust. Compared to
Carriero et al. (2016b), our stochastic volatility factor is conditional on the first factor com-
mon to all time-varying parameters in the VAR. Hence, it is purged of sources of instability
that might affect the VAR representation of data. The second panel of Figure 4 suggests that
our stochastic volatility factor is smoother and stays higher, on average, during recessions
in 70’s and 80’s. It is less correlated with the firm-level uncertainty and policy uncertainty
measures. The Table A-6 present the correlations between our first and second stochastic
volatility factors and each uncertainty measure from Jurado et al. (2015) and Baker et al.
(2013). We then investigate the dynamic correlation structure between fﬁ and the quar-

terly aggregate of the uncertainty measure from Jurado, Ludvigson and Ng (2013) calculated
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Figure 4: Stochastic volatility factor and various uncertainty measures.

The thick black line is the first stochastic volatility factor, — flht The firm uncertainty
contains common unforecastable components for horizons of 1 to 6 quarters, and the macro
uncertainty is constructed for horizons of 1 to 12 months. Since the macro uncertainties are
measured in months in Jurado et al. (2015), we aggregate them to quarterly frequency.
Baker et al. (2013) calculate the policy uncertainty in monthly frequency from 1985M01
and we aggregate it to quarters.

from the one quarter ahead forecasting horizon. The results show there is strong evidence
on reverse causality'!. Thus, we are confident that f% can be given the interpretation of an

uncertainty measure.

4.4 Impulse response analysis with common structural changes

What are the effects of an unanticipated widening in the credit spread on the macroeconomy
over time? In order to address this question we employ our benchmark model with group
specific common factors in the law of motion of the time varying objects. We report results

for two distinct perspectives on the same questions delivering results of distinct interest.

The VAR and Granger causality test results are presented in the Online Appendix.
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Figure 5: Impulse responses to a shock on Credit Spread one standard deviation in size at
each point in time across the sample analyzed.

This Figure contains impulse responses to a credit spread shock one standard deviation in
size identified after recursive Wold causal ordering with credit spread ordered last.

First, we ask what are the dynamics effects of credit spread shocks given the historical
size of a shock at a given point. Following the vast literature we choose a one standard
deviation shock. This approach allows to analyze the importance of the credit spread shocks
in historical perspective taking specifically into account the specific size of a shock. We can
distinguish between high volatility periods in the credit markets versus low volatility periods.

Results are reported in Figure 5.

Second we analyze evolution and stability of a transmission mechanism from credit mar-
ket shocks on the macroeconomy. For that we calculate impulse response functions at each
point in time normalizing the size of the shock to 1%, thus allowing to detect whether the
transmission mechanism has truly changed, correcting for the role of stochastic volatilities

in changing the size of a shock.
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4.4.1 Credit Spread Shocks historical perspective

Figure 5 shows that for all variables in the system particularly two periods have been marked
with strong dynamic effects following an unanticipated credit spread widening. During
the end 70ies up to the Volcker disinflation period and the Great Recession the size of a
typical one-standard deviations shock was much higher than on average. Hence, the real
consequences are strongest during those episodes. However, interestingly the magnitude and
the sign off the effects during those episodes are very different. The adverse shock during
the first episode of large shocks shows a strong reversal in real GDP growth response, and is
followed by an increase in the dynamic responses of Inflation and the federal funds rate. The
picture is quite different for a typical shock during the Great Recession. Here, the negative
response of real GDP remains negative without a reversal, exhibiting a larger persistence.
The same hold true for the dynamic responses of the short term interest rate and inflation.
This part is very different from typical dynamic responses to credit spread shock during the
end 70ies up to the mid-80ies. This results suggest that there is a change in the transmission
mechanism of credit market shocks on the macroeconomy. It is also striking, that we get
quite smooth and sensical results although the dynamics in the time varying parameters is
based on one common factor only. Also the resulting posterior distribution of the impulse

response functions exhibits a lower degree of uncertainty.

4.4.2  Characterizing the effects of Credit Spread Shocks over time

The previous section already indicated an important change in the transmission mechanism
under study. To further elaborate on that we recalculate at each point in time the impulse
responses to a credit spread shock, however normalizing the size of the shock at each point in
time to 1%. This way we explicitly focus on the changes in the transmission mechanism that
are truly due to changes in the underlying dynamics of the system and not due to changes
in the size of a shock. Figure 6 further highlights a change in the transmission mechanism.
The responses of real GDP growth show a higher persistence during the Great Recession
following an adverse credit spread shock. Interestingly, the timing in the change in the trend
of the share of finance marks the changing nature of the evolving impulse response functions

of real GDP, inflation, the federal funds rate and business loans.

5 Application: Forecasting with Factor-TVP-VAR
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Figure 6: Impulse responses to a 1% Credit Spread shock at each point in time across the
sample analyzed.

This Figure contains impulse responses to 1% Credit Spread shock identified after recursive
Wold causal ordering with credit spread ordered last.

5.1 Data & Model-Setup

We apply our Factor-TVP-VAR proposed in Section 3 to model the following set of macroe-

conomic and financial variables in the US economy:
y, = (GDP,, GDPDEF,, FFR,, CS,) ,

where GDP,; is the GDP growth rate, GDPDFEF;, is GDP deflator inflation, F F'R;, is the
Federal Funds Rate, and C'S; is the Moody’s BAA Corporate Bond Yield minus 10-year
Treasury Constant Maturity Rate (“credit spread”). We use quarterly data from the Federal
Reserve Bank of St-Louis database spanning 1954:Q1 - 2013:Q2.
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Priors We follow the standard approach of Primiceri (2005) and parameterize the prior
distribution of 6y based on a training sample. Concretely, we fit a fixed coefficient VAR
based on data 1954Q4 - 1964Q4. The prior mean and variance of 6, are taken to be the OLS

point estimates and four times their variance:
0o ~ N(bors,4V[fors]) -

For tuning the degree of time variation we follow Amir-Ahmadi et al. (2020) and set the
prior

Q ~ IW(diag(r)vVdiag(R),v) ,

where v are the degrees of freedom and the prior scaling matrix V' is initialized using the
training sample. Given posterior estimates from the RW-TVP-VAR, we fit a principal com-

ponents factor model to the posterior mean of 6;.7.

5.2 Prediction

We assume quadratic loss function so the optimal h-step-ahead prediction is the conditional
expectation Yp 1 = E [Yrin | Yior]. We are interested in constructing a finite sequence of
H iterative out-of-sample forecasts Y7 1.0 gr. Following Diebold et al. (2017), draws are

generated from the posterior predictive density
p(YT+1:T+H \ Yl:T) - fp(YT+1:T+H’)\0,P9>907 f9T79T7 V) (15)

The following algorithm describes how the predictive density draws are calculated in the

case of general Common Factor-TVP process in (7)-(8)

Algorithm 1: Calculating predictive density draws

For j =1 to ngm

1. Draw )\éj), Qéj), 9(’]%, Héj), Qéj) from the posterior.
2. Draw TVPs from p(QTH:TJrH\)\(Sj), féf%, ng), Qéj)) as follows:
(a) Draw the sequence of factors’ innovations néf% wrren ~ N(O, H(gj N |
(b) Starting from fe(f% use the law of motion (8) to obtain the sequence fe(,]z)“ Tl
fg(‘,jt) = péj)fe(‘,jt)*l +T’9,t7 t= T+ ]-7' .. 7T+H
(¢) Draw the sequence of the idiosyncratic innovations wé{% LT H ™ N (0, Qéj )‘)
(d) Draw the sequence 0%11:T+H using the equation (7): 9%11:T+H = Qéj)+Aéj)féf%+1:T+H

(4)
Wo T4+1.T+H

+



This Version: 2025-12-23 27

3. Compute the sequence YT(QLT o with the VAR equation (5) by accordingly splitting
QgihTJrH into ng-)i-l:T—s-H? ng-l:T+H7 A¥4)r1:T+H and E(Tj—)s-lzT—',-H and using Yp_pi11 as
starting values. ep, 1.7,y is simulated from N(0,1).

Clearly, the difference with respect to the standard RW-TVP model is in the step 2 where one
would use the random walk dynamics in (6) to draw the corresponding elements of 9¥3LLT H
This would be preceded by drawing from the posterior distributions of n + n?p +n(n +1)/2
states. Instead, we only need to draw ¢ states from the law of motion (8). Therefore, if the
commonalities among TVPs are strong enough, this dimension reduction should result in a
more accurate approximation of the true data generating process and hence provide more

precise predictive ability of the model.

5.3 Evaluation

In following, we describe the evaluation metrics for each predictive quantity. These are based
on Diebold et al. (2017) and Clark et al. (2020).

5.3.1 Point forecast evaluation

According to the quadratic loss function, the optimal point forecasts are constructed as

posterior means. In particular, these are computed by Monte Carlo averaging,

1 Nsim

> vl (16)
7j=1

YT+h|T =
Nsim -

where YT(Q,Z is the h'" element of the sequence YT(QLT +x generated with Algorithm 1. The
models are then compared with the standard root mean squared errors (RMSE) computed
over the pseudo-out-of-sample period. Diebold and Mariano (1995) tests of equal MSE,
against the one-sided alternative that the model with Factor-TVP structure is more accurate,

are performed as well.

5.3.2 Interval forecast evaluation

An advantage of having in hand the posterior density (15) is that interval forecasts are easy
to compute. The highest-density 100(1 — «) percent interval forecast for Y; rip, i =1,...n
is computed numerically by looking for the shortest connected interval containing 100(1 — «)

percent of the draws {YZJT n i, obtained from Algorithm 1.
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Few evaluation standards are available to compare interval forecasts. Here, we consider
relative standards (coverage rate and interval length) and the absolute standard (Christof-
fersen likelihood-ratio tests). The coverage rate is the frequency with which the forecasts of
each variable in Y fall inside the 100(1 — «) highest posterior density interval. A realized
frequency of more (less) than the nominal level means that the corresponding predictive
density is too wide (narrow). The average prediction interval lengths are considered as well.

The usual absolute evaluation metrics is obtained from Christoffersen (1998). If interval

forecasts are well conditionally calibrated, then the hit sequence, It(l_a)

= 1{Yi,T+h|T € interval}s
should have mean (1 — «) (coverage) and have at most h — 1 degree of autocorrelation
(independence). We consider individual and joint Christoffersen’s likelihood-ratio tests for

correct coverage and independence.

5.3.3 Density forecast evaluation

Density forecast evaluation standard considered is the continuous ranked probability score
(CRPS). As discussed in Clark et al. (2020), the CRPS is preferred to the log score since
it rewards better forecasts closer, but not equal, to the true outcome, and because it is less
sensitive to outliers in the predictive density. It is a generalization of the mean absolute
error: it does not focus on any specific point of the probability distribution, but considers

the distribution of the forecasts as a whole. The CRPS is defined as follows

[e.e]

CRPST(Yir+n) = / [F(2) = Ly ppneat)  d2 = Ef [Yizanr — Yiren| =0.5E; [Yironr — Yironr

—00

(17)
where F' denotes the CDF associated with the predictive density f, 1 takes values 1 if the
observation ¥; 74, < z and zero otherwise, and Y; 7,7 and YZ’ Tn|T A€ independent random
draws from the posterior predictive density (15). The significance of differences in CRPS is

computed with ¢-tests for equality of average CRPS.

5.4 Results

We conduct a pseudo-out-of-sample forecasting exercise. The validation period covers 1980Q1
- 2013Q2 span. The models are estimated recursively. We evaluate the performance of the
Factor-TVP relative to the random walk TVP with respect to point, interval and density

forecasts.

Y
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5.4.1 Point forecast accuracy

We now discuss the forecasting evaluation. We report results for both Common and Grouped
Factor-TVP-VAR specifications, with lag lengths of 2 and 5.

In Tables (A-7) and (A-8) we present forecast RMSEs for a 2 lag and 5 lag specification
respectively. We show RMSEs for the benchmark standard TVP-VAR-SV model in the first
line of each panel of the respective variable, and RMSE ratios in the subsequent lines. Ratios
less than one indicate that the forecasts from our corresponding common factor TVP-VAR-
SV model variation are more accurate than the benchmark standard TVP-VAR-SV model
forecasts. We use the following abbreviations: “T'VP-VAR-SV” is the traditional TVP-VAR
model (5), “CF-TVP-VAR-SV” is the common factor TVP-VAR model (7-8) and ‘GF-TVP-
VAR-SV” is the grouped factor TVP-VAR-SV model (9-14). In parentheses we show p-values
of Diebold and Mariano (1995) tests of equal MSE against the one-sided alternative that the
“TVP-VAR-SV” is more accurate. Statistically significance are indicated by *, **, and ***

which correspond to 10, 5, and 1 percent significance level, respectively.

Generally, with increasing the VAR lag orders the common factor model specifications
tend to produce more accurate forecasts. The highest and statistically significant result
emerge for inflation forecasts while federal funds rate forecast are worse under the common

factor specification.

In particular, Table (A-8) shows that inflation forecasts from the specifications with
common and grouped factors are significantly more accurate at all horizons and the accuracy
gains increase with the horizon. Forecast accuracy for output and credit spreads are similar,
while not statistically significant. In contrast, federal funds rate forecast accuracy is worse
across models and horizons, while those losses are not significant. There is no clear ranking

across the two common factor time-varying specifications.

5.4.2  Interval forecast accuracy

In the interval forecast evaluation we report relative standards (i) coverage and length in
tables (A-9)-(A-10) and absolute standards (ii) Christoffersen Likelihood-Ratio tests in tables
(A-11)-(A-14).

Coverage rates. In Tables (A-9-A-10) (values without square brackets) we report the
frequency with which forecast outcomes for output growth, inflation rate, the federal funds

rate and credit spreads fall inside 68% intervals. Correct coverage corresponds to frequencies
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of about 68%, whereas a frequency of greater than (less than) 68% means that on average
over a given sample, the posterior density is too wide (narrow). The respective *, ** and ***
correspond to 10, 5, and 1 percent significance level p-values of t-statistics of the hypothesis
of correct coverage (empirical = nominal coverage of 68%), calculated using Newey-West
standard errors. For all variables and horizons, estimated coverage is quite close to 68%. At
horizons of 1 year and longer for output and inflation the empirical coverage rates exceed the
nominal ones and are too large. In contrast, for the federal funds rate and credit spreads the
coverage rates remain closer to 68% across all horizons. Here as well, more complex models
tend to benefit more from the common structure modelling of the evolving coefficients. On
average the model " GF-TVP-VAR-SV” performs best across the models.

Interval length. Tables (A-9-A-10) (values in square brackets) also shows average pre-
diction interval lengths which are based on both, the "CF-TVP-VAR-SV” and ”GF-TVP-
VAR-SV” models throughout shorter. For output we find significant differences of up to 20%
shorter intervals compared to the traditional ”TVP-VAR-SV” model. It turns out that the
forecasting performance gains of our proposed models, in terms of shorter forecast interval
length are increasing with both, the forecast horizon and model complexity (here, higher lag

specifications).

Conditional calibration. The previous subsections evaluated unconditional coverage rates
and interval lengths. These measures provide a first indication of forecast accuracy but do not
guarantee full calibration. A stricter requirement is conditional calibration, which combines
correct coverage with the absence of serial dependence in forecast errors. Christoffersen’s
likelihood ratio (LR) tests provide a joint assessment of these conditions. Tables A-11-A-14
report LR statistics for coverage, independence, and the joint conditional calibration test

across horizons and model variants.

At the one-quarter horizon with two lags (Table A-11), output growth forecasts strongly
reject the coverage condition under the benchmark TVP-VAR-SV and GF-TVP-VAR-SV
models, while the CF-TVP-VAR-SV partially mitigates these rejections. Inflation forecasts
generally attain correct coverage, consistent with the results in Section 5.4.1, while interest
rate forecasts often fail the independence test, indicating clustering of forecast misses despite

seemingly accurate coverage.

With five lags (Table A-12), the picture is similar: inflation and credit spreads achieve
satisfactory coverage, but output growth remains problematic, and the federal funds rate

continues to exhibit dependence in the hit sequence. At the eight-quarter horizon (Tables
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A-13 and A-14), deficiencies become more severe. The benchmark TVP-VAR-SV produces
particularly poor calibration for output and inflation, with large and highly significant joint
LR statistics. The GF and CF extensions sometimes reduce these values, but rejections

remain common at conventional significance levels.

Taken together, the conditional calibration results reinforce the earlier findings. While
interval coverage for inflation is relatively reliable and forecast bands are reasonably tight,
the combination of correct coverage and independence is rarely achieved for output growth
and interest rates, especially at longer horizons. The GF- and CF-TVP-VAR-SV models offer

improvements in some cases but cannot fully eliminate violations of conditional calibration.

5.4.3 Density Forecast Accuracy

While calibration evaluates reliability, density forecast accuracy is assessed by the continuous
ranked probability score (CRPS), a proper scoring rule that jointly rewards sharpness and
calibration of the entire predictive density. Lower CRPS values indicate more accurate
density forecasts. Tables A-15 and A-16 report CRPS values for horizons of 1, 2, 4, and 8

quarters ahead, based on VAR specifications with two and five lags, respectively.

With two lags (Table A-15), the GF- and CF-TVP-VAR-SV models generally outperform
the benchmark TVP-VAR-SV, especially for output growth and credit spreads. At short
horizons (1-2 quarters), all models deliver comparable CRPS values for inflation, in line with
its stronger calibration results. Differences widen at longer horizons (4-8 quarters), where
the benchmark tends to generate diffuse densities and higher CRPS, while the common factor

specification achieves noticeable gains.

When the lag length is increased to five (Table A-16), the same broad patterns emerge,
though the relative improvements are somewhat muted. The baseline TVP-VAR-SV again
exhibits the weakest performance at medium and long horizons. The CF specification con-
tinues to provide the largest accuracy gains for real activity and inflation, while the GF
specification yields more mixed results: in some cases improving upon the benchmark, but

in others producing CRPS values close to or above those of the baseline.

Taken together, the CRPS results indicate that factor-structured extensions to the TVP-
VAR-SV can improve density forecast accuracy, particularly at longer horizons where the
benchmark model deteriorates. The benefits are most visible for output growth and credit

spreads, while inflation forecasts remain relatively well behaved across models and horizons.
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6 Conclusion

For a general class of dynamic and stochastic structural models, we show (i) that non-linearity
of structural dynamics is necessary and sufficient for the presence of TVPs in the VARMA
process followed by observables, and (ii) that all parameters’ time-variation is driven by
the same, typically few sources of variation: the shocks in the structural model. Building
on this insight, we develop the Factor-TVP-VAR — a TVP-VAR with TVPs evolving as
a dynamic factor model — and we apply it to study a set of macroeconomic and financial
variables. Besides an improved forecasting performance relative to a benchmark TVP-VAR,
this also yields interpretable factors, which are correlated to commonly emphasized sources

of non-linearity in macroeconomics.
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A Theory

Lemma 1 (Subvector-Dynamics under CP-VAR).
Suppose x; € R™ follows a stable CP-VAR(1):

Ty = (I)Q + <I>1;L‘t,1 -+ (I)EEt y € WN(O, [) .
Then any 22 C x;, 22 € R* follows a CP-VARMA(p',q') withp' < (n—k+1) and ¢ < (n—k).

Proof: This result follows directly from Liitkepohl (2005, Corollary 11.1.2), which states
that any k-dimensional marginalization of an n-dimensional VAR(p) process satisfies in gen-
eral a VARMA(p/, ¢') representation with p’ < (n — k+ 1)p and ¢’ < (n — k)p. Here, p =1,
so the bounds simplify to p’ < (n—k+1)and ¢ < (n—k). &

Lemma 2 (Subvector-Dynamics under TVP-VAR).
Suppose x € R™ follows a TVP-VAR(1):

= Doy + Py + oper, €~ WN(O,I).

Then any x9 C xy, 20 € R*, admits a finite-order TVP-VARMA(p',q') representation with
pP<(n—k+1)andq < (n—k).

If, more specifically, z; follows a RS-VAR(1) —i.e. Oy = Po(st), P14 = P1(s¢) and .y =
O (sy) for sy ~ ng-state Markov-chain with transition matriz T -, then x{ follows a RS-
VARMA (p',q') with p',q¢' < (n—k+1) and with CTDM = Oy (s), (i)l,t = O(sy), ék,t = O4(s)
and CjT?gjt = éa(st).

Proof: We consider a general time variation; the regime-switching case follows immediately

by conditioning on s;.
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Equivalently, with the lag operator L,

At(L)lEt = (1)0715 + q)s,tEt y At(L) = [n — @1715[1 .

Partition z; = (},,x5,)", where z1;, = 2{ € R¥ and 25, € R"*, and partition Ay(L),

®y, and ., conformably:

Ay = [AreE) Awza(L)
t Any(L) Amu(L))

Fix t. Assume Ago;(L) is nonsingular and that its inverse is well defined uniformly in
t, i.e. det(Asn:(L)) is not identically zero and is bounded away from zero uniformly in ¢.

Then, by Cramer’s rule applied pointwise in ¢,

adj(Ag(L))

Ag (L)™' = m7

where adj(Ag (L)) is a matrix polynomial of degree (n —k —1) and det(Asq4(L)) is a scalar
polynomial of degree (n — k).

Proceeding exactly as in the proof of Liitkepohl (2005, Corollary 11.1.2), but applied
pointwise in ¢, x5, can be eliminated from the system, yielding a reduced equation for

of the form

At(L)xl,t = ét(L) + M;(L)E% + ME(L)G?,
where Ay(L), &(L), M}(L) and M2(L) are time-varying lag polynomials.

Since A;j,(L) are first-degree polynomials in L, A,(L) has degree at most (n — k 4 1)
and M} (L) and M?(L) have degree at most (n — k). Hence 2 = z1, admits a finite-order
TVP-VARMA(p', ¢') representation with p’ < (n —k+ 1) and ¢’ < (n — k).

The regime-switching case follows since all coefficients are functions of s;. l
Remark (Wold decomposition): If, in addition to the assumptions of Lemma 2, the
time-varying lag polynomial A;(L) = I — ®;,L is causal and uniformly invertible (i.e.

det(As(z)) # 0 for all |z|] < 1 and all £), then, by the results of Karanasos et al. (2025),
the resulting TVP-VARMA(p/, ¢) process x¢ admits a Wold—Cramér decomposition.

Remark (TVP-VAR(p')): A sufficient condition for the reduced system for z1; = ¥ to
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be a TVP-VAR(p') process (i.e., ¢ = 0) is that
@%Zt =0 and CID;Qt =0,

for all ¢. In this case, the marginalized block x4, does not enter either the conditional mean

or the innovation of x;,, and the autoregressive degree satisfies p’ < 1.

Lemma 3 (CP-VAR-Solution to Linear RE System with CPs).
Suppose xy € R™ follows a linear RE system with CPs:

Doz = v+ Tz + Ve, + 1y,

where ¢, € R™ is a process with Ele;] = 0 and V]e)] = I, and n, € R™ s an arbitrary
process with n, < n,. Suppose the non-explosive solution exists and is unique. Then, it can
be written as a CP-VAR(1):

Ty =®g+ D11 + Poey .

Proof: This follows from the analysis in Sims (2001) and its discussion in Herbst and
Schorfheide (2015, Ch. 2.1), adjusted for the case of a potentially non-zero mean. QZ
decompositions give I'y = Q'AZ" and 'y = Q'QYZ’, where @) and Z are orthonormal and A
and  are upper-triangular. Defining w; = Z’x; and multiplying the RE system by @ yields

Ay A | |wy K1 Qi Qi |wig— o
= 7 + (\Ijet + Hnt) ;
0 Ago| |wy K9 0 Qg Wa t—1 2
where it is assumed — w.l.o.g. — that x; is ordered s.t. the m x 1 vector wsq, is explosive

(0 < m < ng). A non-explosive solution exists iff m = n, and Q.II is invertible. Then
we can find 7, s.t. the impact of ¢, on wy, is offset at each t: QoWe, + Qolln, = 0. Let
® = Q,I1(Q.IT)"L. Then, multiplying the first n equations above by [I, —®] yields

-
o ) Q2 (We+TIn) |

Aip Ay — DAy gl — k1 — Pry Q1 Qg — POy
Ty — +
0 A22 0 922

Z/th_1+ [

Ra
or Az; = D + Bx;_1 + Ce;. Multiplying by A™1 gives
= Do+ P11 + Peey

with ®; = A™'B, &, = A"'C and oy =A"'D.
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Lemma 4 (TVP-VAR-Solution to Linear RE System with TVPs).
Suppose x; € R"™ follows a linear RE system with TVPs:

Losvy = v + Digweq + Ve + Iy

where ¢, € R™ is a process with Ele)] = 0 and Vl]e,| = I, and n, € R™ is an arbitrary process
with n, < ng. Suppose the non-explosive solution exists and is unique. Then, the solution
can be written as a TVP-VAR(1):

Ty = Doy + Py g + Doy .

If, more specifically, the linear RE system is regime-switching — i.e. I'oy = To(sy), 'y =
[y(s¢) and Uy = WU(s;) for s; ~ ng-state Markov-chain with transition matriz T —, then the

solution is a RS-VAR(1) with ®o; = Po(s¢), P1p = P1(st) and Py = P.(sy).

Proof: The result follows from applying the proof of Lemma 3 pointwise for each t. We
consider a general time-variation. The same argument goes through if the time-variation has
a regime-switching nature.

Specifically, QZ decompositions give I'g; = Q;A:Z] and I'1; = Q% Z;, where @Q; and Z;
are orthonormal and A; and §2; are upper-triangular. Defining w; = Z/z; and multiplying
the RE system by @, yields

Wit _ K1t i Q11,1: Q12,1¢
Way Kot 0 Qo

where it is assumed — w.l.o.g. — that z; is ordered s.t. the m; x 1 vector wy; is explosive

Ay Moy

(Ve + M)
0 Agy

wl,t—l] i [Qlt

W2 t—1 2

(0 < my < ny). A non-explosive solution exists iff m; = n, and Q411 is invertible for each ¢.
Then we can find 7; s.t. the impact of €, on wy; is offset at each t: Qo Ve, + Qo I, = 0.
Let ®; = Q1:11(Q2I1)~!. Then, multiplying the first n equations above by [I, —®;] yields

Qi Qo — Doy

1 ozt (\Ijtﬁt+H77t) s
0 QZQ,t 0

Rat

, [/‘ilt — Dy i

or Ayxy = Dy + Byxy_1 + Cie,. Multiplying by At_l gives
Ty = Doy + a1 + Doy,

Wlth q)Lt = At_lBt, @57t = At_lct and ®O,t = At_lDt. [ |
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Proposition 1.

Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 andn? =0 (all {e;i}7, are continuous), and Gy = G and ¥y = ¥ are constant;

- - - / / / / !/ /
2. F is linear in (Y,, Yy i1, Yi_1, €1 €141) -

Then, any y{ C y; follows a CP-VARMA(p',q') with p',q < 0.
Proof: If F is linear, then Eq. (1) writes
E¢ [Fo + Fuys + Foyepr + Faye 1 + Faer + Fsern] =0, (A.1)

where the vector Fy and matrices {F;}2_, are functions of #, but this conditioning is omitted

for notational simplicity. Equivalently, this is
Fo + Frys + FoBq [yea] + Fays1 + Fuey + F5Eq [eg1] = 0

Substituting E.[e;11] = Ge; and defining the n, x 1 vector z, = (v}, e}, E[y;11]’)’, with

ng = 2n, + n., allows us to write
FO -+ [Fl, F4 + F5G, FQ] Tt -+ ngt,1 =0.

Introducing expectational errors 1, = y; — Ey_1[y;] and combining the preceding two sets of

equations with the n. equations in Eq. (2) yields a linear RE system with constant parame-

ters:
Fy F F,+ F5G F, Fs 0 0 0 0
0]+ 10 I Oz, +10 -G 0| xq+ _Ztr € + 0 n = 0 )
0 I 0 0 0 0 -7 0 -1

ie. oxy = v+ 1241+ Ve +1In;. By Lemma 3, a non-explosive solution yields a CP-VAR(1)
for x;:

Ty = CI)O -+ CI)lIt_l + q)€€t .

By Lemma 1, any y? C y; C z; follows a CP-VARMA(p, q) and p,q < co.'> B

Proposition 2.

Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and

12Ravenna (2007) shows a similar result.
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1. n& >0 andnd =0 (all {e;;:}}=, are continuous), and Gy = G and X, = ¥ are constant;

2. F is a pth-order polynomial in (Y,, Yy 1, Yi_1, €5 €441) for p > 2.

Then, any y < y; follows a TVP-VARMA(Y',q') with p',q < oc.
Proof: To clarify notation, recall that linearity of F' (i.e. p = 1) implies that Eq. (1) yields
Fo + Fuye + BBy [Yesa] + Fsyerr + Faer + F5Eq [era] =0,

and, for 7 = 1 : n,, the ith equation in this system is

ny Ne
F+ Z {F yie + Fs B [yju] + F3 jyj0—1} + Z {F} ess+ F. Elesi1]} =0

j=1 s=1

Now consider first p = 2, i.e. F is a second-order polynomial. Then Eq. (1) reads

Ty
0=F;+ Z{Ff,jyj,t + Fy i [y041) + B3 Y61}
j=1
ny ny . . .
+ Z Z{Flll,jkyjjyk,t + oo ik By 1Y art] + Fig ju¥ie—1Yri—1}
j=1 k=1
ny Ny

+ Z Z{ng,jkyj,t]Et Yk i41] + ng,jkyj,tyk,t—l + F2i37jk]Et [Yit1)Ykt—1}
=1 k=1

+ Z{Fisesﬂf + Fg,sEt [es,t—i-l]}
s=1

Ne  Te

+ Z Z{Fill,sre&teﬂt + FEfE),ert [€S7t+1e7“,t+1]}

s=1 r=1
Ne  MNe

+ Z ZFZ57ST€5,tEt [er, 1]

s=1 r=1

Te

Ty
0 {Fljiaees + FoyjsBelyjealese  + Fiyjo¥je-1€se)

j=1 s=1
Ny  ne
N {F iBlesi] + Fis j Bolyiisiesis] + Fis joja—1Eilesi]} -

j=1 s=1

By Eq. (2), we have E;|es++1] = Gs.e; and

]Et [es,t+1€r,t+1] = Et[(G&et + 6s,t—i—l)(Cgvﬂet + Er,t—‘rl)] = (Gs-et)(Gr~€t) + Zsr .
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Taking this into account and grouping terms yields

Ty Ny Ny Ne
0= Fg+ Z Yt {Ffj + Z Flil,jk:yk,t + Z Ffs,jkym—l + Z (F1i4,j5687t + Flis,sts-et) }
=1

k=1 k=1 s=1
+ i Ee[yji41] {sz + i Fy ik + i Fg iklki—1 + Z F24J863t}
3=1 k=1 k=1
+ i Yj—1 {F§J + Z Fig s Ynt-1 + Z (Fiy st + Fis ;,Goer) }
j=1 k=1 =1
+ i: €s,t {Fjs + i (Fiysrert + Fis o Gror) } + Z Fi Gyer+ i Z Fis  GoeGres
=1 =1 =1 r=1
T i nzy Fpo ik Ealyse1ypei1] + Z Z Fos i Balyj €] + "Z Z Fi5 50 Der
j=1 k=1 =1 s=1 s=1 r—1

Let ¥ = vec (ypy;) and if* = vec (y€;). Also, let the vector F| stack {F} ;}7*, along rows
and construct the vectors Fi, Fi, F} and F? analogously. Similarly, let the matrix F}; stack
{F{1 ji} ;=1 along rows (first subscript; j) and columns (second subscript; k) and construct
the other matrices with double-subscripts, {F b}a »—1, likewise. Then we can write the above

equation in vectorized notation as

0= C + mt yt + mt ]Et [yt+1] + miglyt—l + mi4/€t + miB/iyy + miGIEt [Ziﬁ/_l}

+ mz? -ye + sz Et[lt-i-l] )

The scalar ¢¢ = Fj + J/[Fi - Zi, where ¢ is a vector of ones and - denotes element-wise

multiplication. The n, x 1 vectors mi', mt and m;?, the n, x 1 vector mj*, the n? x 1 vectors

m® and m™, and the n,n, x 1 vectors m’” and m™ are given by

mt = (F{ + Flsyi1)
(Fi + Floys + Fogyea + F2i4€t) )
mi® = (Fj + Figye + (Fiy + F3sG) er)
mit = (Fi + G'F! 4 (Fiy + FisG + G'FiG) )
m"™ = vec(Fy)
m'® = vee(Fy) ,
m'" = vec (F}, + F{sG) ,

5

m™® = vec(Fys) 13
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Combining such expressions for all equations i = 1 : n,, yields

0=C+ M/ys + MEJyr1] + MPys—1 + Me, + M°i¥ + M°E, [i}?,]
+ MU+ MPEE ), (A2)

/
. Nyl . .
where C' = (¢!, ...,¢™)" is an n, x 1 vector, M} = [m%l, oyt } is an n, X n, matrix, and

the matrices M? and M} (n, X n,), the matrix M} (n, x n. ), the matrices M° and M®
(ny x n2), and the matrices M" and M® (n, x nyn.) are analogously constructed.'* Note
that the matrices { M} },—1.s do not contain any forward-looking terms; their time variation

is entirely due to the presence of y;, y;_1 and e;.

Now define ¢, = (%%, i), M"* = [M®, M7] and M2 = [MS, M?] s.t. the above reads
0=C+ My + MEe[yer] + MPyr1 + Mer + Mgy + MPEy [fia] - (A3)
Next, define z, = (v, 7L, b, Be[yes1]s Be [Ges1]) 5.t
C 4 [ MY, M2, M2, NP2 ey 4+ My = 0.
Let n; = (0}, 7,) be a vector of first- and second-order expectational errors,
m =y —Eoaly) and 7 =g — Eo [54]) -

Combining these three sets of equations with the n. equations in Eq. (2) yields the RE

system

Loy =+ Ty + Ve +1n,

13Writing - as a subscript of a matrix denotes all rows (or columns) of it: for example, F17 = F}, while
FfQ . denotes the kth column of the matrix FY,.

14Note that this representation is not unique. For example, the term F{,e}y; = F},y,e; can not only be
dealt with by absorbing Fj,e, into the term mill multiplying y; but also by absorbing F{,; into the term
mi?’/ multiplying e;.
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with T'os, v, ', ¥, IT respectively given by

C (M)} MY MY M2 M?] M} 0 O 0 O 0 0
0 O 0 0 0 0 0 0 0 0 O 0 0
ol,{0 o I 0 0,0 0 -G 0 0], |2, 0
0 I 0 0 0 0 0 0 0 —I 0 0 ~1 0
oJ] Lo 1 o o of [0 0 O 0 —-I] O] |0 —I

Thus, as in the case of a linear F', dynamics can be represented by a linear RE system. In
this case, however, some elements in the matrices I'g; and I';; are time-varying due to the
interaction terms in Eq. (1).' By Lemma 4, then, the unique, stable solution features z;
following a TVP-VAR(1):

= Poy + Pyywy 1 + Py

Finally, by Lemma 2, any y; C y; C x; follows a finite-order TVP-VARMA. Our technical
assumption that 0y;¢1s/0cj # 0 for some i, j, h and positive definiteness of ¥ ensure that

some parameters indeed vary over time. This proves the statement for p = 2.

Now suppose p = 3, i.e. F'is a third-order polynomial. Then, in addition to the lin-
ear terms and the “double” interaction terms (interactions of two variables) above, Eq. (1)
contains “triple” interaction terms. Continuing the notation from above, define the triple in-
teraction terms among y, and e, (pertaining to the same time period): i{*¥ = vec(vec(yy,)y;),
i7¥e

and 7}

and, similarly, . These are the triple interaction terms in whose one-step ahead
expectations it is not possible to separate out Eq[y,41], Ei[ifY,] or E[if5,]. All other triple
interaction terms can be absorbed into Eq. (A.2) by separating out one of the variables

among {y,17”, 41, er, By[yir1], Eq [zﬁl] JE, [ztyil}} in a way that the matrices {M/},—1.5 do

5Note that the system can be reduced by dropping ¢ from x; and redefining v, '+, I'1+, ¥ and II as
follows. Let N} be the ((ny(ny, +mne)) X n,)-matrix that solves g = N}y, and let N? be the (n, x n, )-matrix
that solves M'g; = NZy;. Also, let M} = M} + N?. We can then write

C M} M} M2 M M} 0 0 O 0 0 0
0 o I 0 0 0 -G 0 0 —%, 0 0
olTl71 o o ol®Tlo o -1 ol®rt| o |at|p om0
0 N0 0 0 0 0 o0 -I 0 0 -1
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not contain any forward-looking terms.'® Eq. (A.2) becomes

0= C Mye + M{Edlyra] + Myeor + Mile, + MPiY” + MPE, [i},]

+ M+ MPR (i)

+ MO + MR, [if¥}]

+ MM+ MPE, i)

+ MUBR + MYE[if] T (A.4)
This equation can be written in the form of Eq. (A.3) by defining 3, = (ii’yl, ii’e/, ii’yy/, ii’ye/, if;’eel
as well as the matrices M} = [MP, M7, M?, M M'3] and M? = [MP, M8, M0, M2 M™Y.
Then, the argument that leads from Eq. (A.3) to the linear RE-system with TVPs for x;
and the TVP-VARMA for y7 C z; is unchanged.

The reasoning from the previous paragraph applies to the case where F' is any pth-order
polynomial, with p > 3; Eq. (A.3) remains unchanged, while g, stacks interaction terms
among y; and e; of all order, from those with two to those with p variables. Therefore, the

statement from Proposition 2 goes through for F' being any pth-order polynomial. H

Proposition 3.
Suppose the dynamics of y; are non-explosive and uniquely generated by Eqs. (1) to (3), and
1. n¢ >0 and n? =0 (all {ejeyie, are continuous), and Gy and ¥ vary over time: 3 at

least one (r,s) and one element & of Gy or ¥y s.t. &, # &;

2. F is a pth-order polynomial in (Y, Y, 1, Yi_1, € €4y1) for p > 1 (including linearity).
Then, any y C y; follows a TVP-VARMA(Y',q') with p',q < oc.

Proof: Suppose first p = 1, i.e. F' is linear in (y;, 4,1, i1, €, €4,1) . Following the same
initial steps as in proof of Proposition 1, we obtain a linear RE system with time-varying

parameters due to the time-variation in G and X:

Dowy =+ a1 + Ve + Iy

16 Akin to above, the expectations of triple interaction terms among time-(t + 1) exogenous variables,
E,; [es,i+1€r1+1€1,041]) for s,m, 1 = 1 : n., are known and can be broken up into interactions between three
time-t exogenous variables (and constants).

1"Note that, relative to Eq. (A.2), we not only added three more terms, but the matrices M, MF, M]
and M$ are now time-varying, reflecting triple interaction terms between current or future ¥ or i{° on the

one hand and current, lagged or future y; or e; on the other hand.

)/
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By Lemma 4, a non-explosive solution yields a TVP-VAR(1) for z;. By Lemma 2, any
y? C yp C ay follows a TVP-VARMA (p, ¢) and p, ¢ < oo.

Now suppose p > 2. As can be verified, the proof of Proposition 2 goes through with
G and X time-varying. Relative to before, the matrix ¥ in the linear RE-system becomes

time-varying, but this does not change the conclusion that any y; follows a finite-order
TVP-VARMA.!'* B

Proposition 4.

Suppose the dynamics of y, are non-explosive and uniquely generated by Eqs. (1) to (3), and

1. n¢ >0 and n? > 0 (there are both continuous and discrete exogenous processes);

2. F is a pth-order polynomial in (y;, Y, 1, Yi_1, €5, € 1) for p > 1 (including linearity).

Then, if p =1 and Gy = G, ¥y = ¥ and Ty = T are constant, any y; C vy follows a
RS-VARMA(p',q') with p',q < oo and regimes determined by el. FElse, y? C y; follows a
TVP-VARMA(Y ,q') with p',q < oo.

Proof: Suppose first p = 1 —i.e. F is linear in (yg,y£+1,yg_1,e§/,e§;1)' —and G, Y and T

are constant. Write s for e and s for ef, ;. Then, Eq. (1) can be written as

E, [Fo(s, s+ Fi(s, s )y + Fo(s, 8 )yeer + F3(s, 8 ) ys_1 + Fu(s, s')ef + F5(s, s’)efH} =0,
(A.5)

where the vector Fy and matrices {F;}?_, are arbitrary functions of s adn s’. As before,
they are also functions of 6, but this conditioning is omitted for notational simplicity. We
have E; [Fy(s,s')] = S, Fo(s,8")Tey = Ey(s), and analogously for Fi(s), Fi(s) and Fy(s).
Using independence of ¢/, and ef,, = s, we construct Fy(s) likewise. By Law of Tterated

Expectations,
Ey [Fa(s, ) ysa] = Z Fy(s, 8" )Ts o Btlyea|s'] = F2<S)Et[yt+1] )

d

¢ matrix F; stacks the n, x n, matrices {F5(s,s')Ts ¢}y across columns

where the n, x nyn

and the nynd x 1 vector Eq[y,41] stacks the vectors {Eq[y;+1|5']}+ along rows. This allows us

8More specifically, under p = 2, the matrix M7 (and its consistuent vectors mi’) as well as the matrix
M?" become time-varying, though this does not affect the already time-varying I'o,:. Under p > 3, also the
matrices M'! and M'3 become time-varying, but this does not affect the already time-varying Mtl and ME,
and, therefore, I'g ;.
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to write the above as
Fo(s) + Fy(8)ye + Fo($)Ey [yesa] + Fa(s)yi_1 + Fi(s)eS + F5(s)E, [ef1] =0. (A.6)

Substituting Eqfef,,] = Gef and defining the n, x 1 vector z; = (y},ef,Ei[y,11]')’, with

ny = n, +nS + nynd, allows us to write
Fg(S) + [Fl(s), F4(S) + F5<S)G, FQ(S)] Ty + Fg(S)yt_l =0.

Consider the expectational errors 7, = I Y — E,l[yt], where the matrix I stacks I across
rows. Combining the preceding two sets of equations with the n, equations in Eq. (2) yields

a linear RE system with regime-switching parameters:

Fo(s) Fl(s) F4(s) + F5(S)G Fg(s) Fg(S) 0 0 0 0
+ 0 I 0 T+ 0 -G 0|zt |—2y|&at]| 0 |[n=0,
I 0 0 0o 0 -—I 0 —I
1.e.

Co(s)xy = y(s) + y(s)xi—1 + Ve + In, .

By Lemma 4, a non-explosive solution yields an RS-VAR(1) for z;:
= DPo(s) + P1(8)zi_1 + P(8)e -

By Lemma 2, any y{ C y; C x; follows an RS-VARMA(p, ¢) and p, ¢ < oc.

Suppose now that — other things equal as above — at least one element of GG varies over
time. As can be verified easily by adjusting the calculations above, the matrices I'y(s) and
I';(s) then inherit the time-variation of G. As a result, their regime-switching nature is
subsumed into the generic time-variation of G. We emphasize this by writing I'g;, I'; ; and
then also ; instead of I'y(s), I'1(s) and y(s), as we obtain a linear RE-system with generically
time-varying parameters. In turn, it leads by Lemma 4 and Lemma 2 to a TVP-VARMA
for y¢. The same conclusion is reached when X varies over time, as it implies a time-varying
U. Similarly, a time-varying T leads to time-variation in Fy(s), Fy(s), F3(s), Fi(s), F5(s) as
well as Fy(s), which implies time-varying T'o(s), 'y (s) and ~(s).

The same conclusion is also reached under p > 2, and regardless of the time-variation

of G, ¥ or T. We can modify our calculations for p > 2 from the proof of Proposition 2 or

Proposition 3 analogously as above. For the sake of illustration, consider p = 2 and suppose
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G, ¥ and T are constant over time. Relative to the proof of Proposition 2, under n¢ > 0, the
scalar Fyj, the vectors {F,})_, and the matrices {F,}>,_, are all functions of s and s’. By
taking expectations w.r.t. s, we turn them into functions of s only, whereby we expand the
information set of our expectation operator: we replace E;[y;.1] and E; [§41] with K, [Ye11]

and K, [fj,41]. This leads to a regime-switching version of Eq. (A.3):

0= C(s) + M/ (s)ys + M7 () s[yrs1] + M (s)yr—1 + M (s)e + M (s)i + M?(s)Ey s [i11]

(A.7)
where the vector C'(s) and the matrices {M?(s)}:_, and {M?(s)}2_, are appropriately re-
defined relative to before. The time-variation due to regime-switching is, however, subsumed
into the more generic type of time-variation due to non-linearity of Eq. (1). This means that
we drop the dependence of the objects above on s. In turn, we adjust the definition of

expectational errors, writing 7, = (1}, 7;)" with

m=1y =B afy] and =1 — B[] -
This leads to a regime-switching version of the linear RE-system with TVPs —
Lou(s)xy =v(s) + T1e(s)zi—1 + U(s)e +

— whose regime-switching variation is, once again, overshadowed by the generic type of time-

variation, which means that we drop the dependence on s and write generically

Lotxe =y +Dgw—n + Ve, + 1,

The expression Eq. (A.7) is valid for any p > 2, as explained in the proof of Proposition 2.
Time-variation in G or ¥ may affect the time-variation of some of the matrices in Eq. (A.7)
but does not change the time-varying nature of the linear RE-system, as explained in the

proof of Proposition 3. The same holds for time-variation in 7. By Lemma 4 and Lemma 2,
then, any y7 C y; C x; follows a finite-order TVP-VARMA. B
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B Illustrative Models

NCG Model

Setup Consider the canonical Neoclassical Growth (NCG) model, the predecessor of all
modern DSGE models. It is defined by the optimization problems of a representative firm and
a representative household, whereby Total Factor Productivity (TFP) z; varies exogenously

according to, say, an AR(1) process:
Zt = PzRt—1 + & > Ep N(O, 0'3) . (AS)
The representative firm maximizes profits by solving

max Il; = max y, — w, Ly — ri Ky, y = €ZthaLg_a )
Lt,Kt Lt7Kt

whereby the firm takes TFP z;, the wage w; and the rental rate of capital r; as given. The
first-order conditions (FOCs) imply

wy = (1 —a)e* KL~ , (A.9)
re = e KPULT (A.10)

The representative household maximizes its lifetime utility. The optimization problem can

be represented by the Bellman equation
Viz, ke, Ky) = l E, |V ki1, K
(2, ke, K3) o u(cr, ) + BE [V (2041, ket Kig)]
s.t. ¢ + it = wtlt + T’tkt >
Z.t - kt—i—l - (1 - 5)kt
Kiyy = H(z, Ky)

CI*T

whereby u(c, 1) = is the household’s utility, V' is its value function, and H is its perceived

1-7
law of motion for the aggregate capital stock K;.'° Trivially, the optimal labor supply is
l;, = 1, since the household is assumed, for simplificty, to experience no disutility from
working. Solving the budget constraint for ¢; and plugging it into the utility function, we

get a maximization problem w.r.t. k;; only. Let u; denote the derivative of u(c,l) w.r.t.

19The expectation is taken w.r.t. ze41 and Kyyq, taking z; and K, as given. Note that k;4; is chosen by
the household and therefore known at time ¢.
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c. The FOC w.r.t. kyyq yields —uq (e, l) + BE[Va(zt41, ki1, Kiv1)] = 0, which together with
the fact that Va(zy, ki, K;) = uq (e, l) (e + 1 — 0) gives the so-called Euler equation

Ct_T = 6Et [Ct_J:l(]' + Tty1 — 6)} . (A].l)
In equilibrium, the labor, capital and goods markets clear:
li=1L¢, ki=Ky, c+ig=y.

Also, the household is indeed representative, meaning that the aggregate capital stock K;
evolves as the capital stock chosen by the representative household, ki 1: ki1 = Ky =
H(z, Ky). Inserting [ = Ly = 1 and writing k; for K; in Egs. (A.9) and (A.10) and the

goods market clearing condition
c + kt+1 - (1 — 5)kt = eztktaltlia s <A12)

we get a system of four equations — Eqgs. (A.9) to (A.12) — in four unknowns: ¢, kyy1, Wy, 4.

Egs. (A.9) to (A.12) constitute a non-linear DSGE model, i.e. a model characterized
by Eq. (1) with a non-linear F. The endogenous variables are y; = (¢, ki1, wy, 1), the
exogenous variable is e; = z;, and the DSGE-parameters are 0 = («, 3, 7,6, p,,0.). The law

of motion of e; is governed by Eq. (A.8), which takes the place of the generic Eq. (2).

In fact, the system can be simplified to two equations in two unknowns, y; = (¢, k1)’
We can drop w; because it appears only in Eq. (A.9), and we can substitute r;,1 in Eq. (A.11)

by the expression from equation Eq. (A.10). The resulting equations are:

c; " = PE, [ct]:l(l — 5+ aez”lktoj:ll)} , (A.13)
¢ + kt—i—l - (]. - 5)/{315 == Gztk? . <A14)

This compactness greatly facilitates illustrating what happens if we consider second- or

third-order linearized versions of this system of equations.

Steady State Eq. (A.8) implies z = 0. Eq. (A.13) implies £ = (a/r)ﬁ with r =
Bt —(1-4). Eq. (A.14) implies then ¢ = k* — §k. Furthermore, it is useful to define y = k*

as the steady state value of output, e**kf*, as well as k* = k/y = a/r and ¢* = ¢/y = 1—ad/r.



This Version: 2025-12-23 A.16

First-Order Linearized System A first-order linearization of Egs. (A.13) and (A.14)
around the steady state represents the dynamics of the re-defined variables ¢, = ¢;/c— 1 and
fftﬂ = kt+1/k — 1 by

C*ét + k*i%t-i-l — (]_ — 5)k*]2:t = O{k*l;t ‘I‘ th s
—TC = _TEt[étJrl] + WEt[ZtH] + 7V1/2?t+1 20

This system of equations can be regarded as a linear DSGE model, i.e. a model characterized

by Eq. (1) with a linear function F' and with re-defined endogenous variables y, = (¢, /%tﬂ)’ ,

while e;, its law of motion and 6 are unchanged relative to the original, non-linear setup.
We know E;[z:41] = p.2z, and l%tﬂ is known at time t. Then, for y, = (ét,l;:tﬂ)’ and

zy = (Y1, 21, E[Cr11])’, we can write

Ok — 0 0 ¢
Y Ty + Vi Y1 =021
—-T —YV —p. T 0 0

Augmenting this system with the law of motion z; = p.z;_1 + 0.€¢; and an expectational

error 1, = ¢ — Ey_1[¢], we get

c* k* -y 0 0 ¢ 0 0 0 0
—T =YV —Yp, T 0 O 0 0 0
e T+ Ty + €+ ne =0
0 0 1 0 0 0 —p. —0,
1 0 0 0 0 0 0 -1 0 -1

This is an RE-system with constant parameter-matrices:
Fo(e)l't = Fl (9)%,571 -+ \If(e)ﬁt + HT]t .

In turn, using results from Sims (2001) and Liitkepohl (2005), we get a VAR(1) with constant
parameters for x; as the non-explosive solution of this system, which in turn implies that

y? C yp C xy follows a VARMA process with constant parameters (see proof of Proposition 1).

20We define y =1 — B(1 —§) and v; = (a — 1).
21We define ¢¢ = —k*(a+ 1 — §).
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Second-Order Linearized System Linearizing Eqs. (A.13) and (A.14) to second order

gives

. A ~ 1 N 1 -
e+ k' ki — (1= 0)k"ky =ak™ky + Eowlk;f +yz + §yzt2 + aykz
1 I

N R . 1 A 1 N
—TC + §W1Ct2 =E;| —7¢41 + §W1C§+1 + V2441 + 5’72t2+1 + ik + §7V2k,52+1

. ~ o 7 22
+ ki1 2 — YT Crp1 241 — 77V10t+1kt+1:| .

Note that E,[z7,,] = p2z} + o2. Define x; = (y,, 2, E[éi11], E[¢7,4], E[¢t11241]), where

y = (&, /%tH)’ is unchanged. We can write these two equations as

0 —vf

c* k* b 0 0 0
th 2
0 0

w’ét wit wgt w’ét _% -7

0
W?] =0.%
o

] Ye—1 +
Augmenting this system with the law of motion z; = p,2;_1 + 0.€¢, and expectational errors
ne = (&, 637 étzt>/ — Ky [(ét, 5?, étzt>/] )

we get an RE-system with time-varying parameter-matrices:
Cot(0)z, = K(0) +T14(0)xi—1 + V(0)e, + 1y

with I, K, 'y, U, IT respectively given by

¢k Yh, 00 0 0 0

S V5 Y g — 5 T - % 0 U5 O 0

0 0 1 0 0 0 0 0 0 0 Osas —0. 033
00 0 0 O O] [0 0 —p ’ ’ [—stg]

& 0 0 0 0 0 0 0303 —Isys

% 0 0 0 0 0] | 0| | 0]

22We define wy = 7(7 + 1) and vo = vy (a — 2).

23We define
b a 1 7 b 1
Yy, =YY — §CW1/€t —ayz, Py =—y(l+ §Zt) )
IR Vo ~
Wh = -7+ 51@ ; Vs, = i(paz — 1) — %ktﬂ ;
1 N
’(/}gt = —yp.(1+ *Pzzt) ) ¢gt = 7'(1 — ki) -

2
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Note that the elements of I'y; and I'y; are linear functions (first-order polynomials) of
(¥4, i1, 2)’. The non-explosive solution of this system yields a VAR(1) with time-varying
parameters for x;, which implies that y; C vy, C x; follows a VARMA process with constant

parameters (see proof of Proposition 2).

Third-Order Linearized System Relative to the second-order linearization, a third-

order linearization adds the term

1 . A .
—g@ng? — ayzf — anktzf — iozl/lykfzt

to the LHS of the first equation, and it adds the one-step ahead expectation of the term

1,01 . 1, 1 .. 1 . o, 1 .
_6W2Ct + 6W2Ct+1 - E'Vztﬂ - 67V3kt+1 - §’YV1k’t+1zt+1 - §7V2kt+1zt+1

A 1 L, 1, o
+§770t+12t2+1 - 5%110?“2}“ + §szct+1kt2+1 - §7w11/10?+1/€t+1 + 67V12t+1k’t+10t+1

to the LHS of the second equation.*® Note that E,[z},,] = p2z} + 3p.z02. Define z, =
(1 2, Elee], Bl ] Eleerzer], BI6 ] BlCa 22| BI6E 2en]), with g = (&, ki) un-

changed. We can write these two equations as

kg, 0 0 0 0 0 0

wgt ¢it 1/’%1& wét ¢?t 1/’§t % % _%

0 i,

Ty +
! 0

29:
2

0
] Yt—1 + 2] =0.%

Augmenting this system with the law of motion z; = p.2;_1 + 0.€; and expectational errors

(a2 4 23 a2 a2\ Aoa2 4 23 a2 A2\
e = (Ctact)ct'zt)ctactzt7Ctzt> - Et—l [(Ctact)ctzhctactzt7Ctzt)] )

2 We define wy = wi (7 + 2) and v3 = va(a — 3).
Z5We define

1 ~ 1 1 -
WS, =Y, — gaVﬂ@’tz - 504312? - §aV1yktZt ,

1 - 1 1 .
i = ¢Zt - *’7V3kt2+1 - *“Wl(ﬂng + U?) - §7V2kt+1pz2t )

6 2
Yy = ¢gt - éthQ ) Vg = ﬁ’gt - éw2é§ )
Y5 = wgt - %’Yﬂgztz - %Pzgg S 7/’gt + %VTVII%t2+1 )
V7 = —% - %7W1V1]%t+1 ) Vg = =7 + éTVIPzZt .
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we get again an RE-system with time-varying parameter-matrices. Here, o, K, 'y, W, 11

are respectively given by

C* k‘* ¢§t leﬁ- O 0
T A A - 0
0 0 1 0 0 —0,
e 0 ¥§ 0

0 0  Oixg 0 0
R 0 0 0 O3><6 O6><3
Cy 0 O 01X6 ) O ) 9 0 ) )

0 0 — Pz —Isx6

Zt 0 0 01><6 0 0 I 0
é? 0 0 01><6 0 6x3 6x6 0
Zt2 0 0 leﬁ 0 0
Gz 0 0 O] | O] U

where t, = (V§,, VS, 1S, =2 I, —251)" is defined for notational convenience. Note that the

elements of I'p; and I'y; are second-order polynomials of (y;,vy;_q, 2¢)"

RBC Model

Setup The Real Business Cycle (RBC) model is equivalent to the NCG model, except that
the household faces a non-trivial labor supply decision. Let the household’s utility be u(c, 1) =

le-r l1+n
- XTso
the firm’s) optimization problem are unchanged. Solving the budget constraint for ¢; and

and let the domain of [, be R,. The remaining aspects of the households’ (or

plugging it into the utility function, we get a maximization problem w.r.t. two variables

only, l; and k; 1. The FOC w.r.t. I, gives uy(cs, lp)wy + uz(cy, ) = 0, i.e.
XU = we, T (A.15)
Combined with the unchanged equations

wy = (1—a)e® KFL 7, ( )

re = e KOLITY (A.17)

¢ = BB [cii(L+ 1 = 0)] (A.18)

e+ ki — (1 — 8k, = k2, ( )

we get a system of five equations in five unknowns: ¢4, Iy, ki1, wy, 4.
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Steady State Eq. (A.8) implies z = 0. Eq. (A.18) implies r = 7! — (1 — §). Combining
Egs. (A.16) and (A.17) (by solving them for k/I) yields

1

w=(1-a)(afr)is .

Solving for k, ¢ and [ is a bit more involved. By Eq. (A.17), we get k = (a/r)ﬁl. Plugging
this expression into Eq. (A.19) yields ¢ = ¢/, with §; = (a/7)Y/=9¢ and & = (r/a — 6).

Plugging this expression for ¢ as well as the above expression for w into Eq. (A.15) yields

1

| — [CSCQ_T(Q/T)ﬁ_T] T+n 7

with (3 = x~'(1 — ). In turn, this implies

1 1
m] T+r

¢ = GG la/mm ] T and k= |GG (a/r)

First-Order Linearization Linearizing Egs. (A.15) to (A.19) around the steady state

yields
Wy = 2 + ok, — al, (A.20)
Fro=z+ (00— D+ (1 — )y, (A.21)
xkly = iy — 1, (A.22)
—7¢ = —TE[¢ 1] + NE[Fria] (A.23)
e+ Kk — (1= 8k ky = 2 + oy + (1 — )1y, (A.24)

where A =1 — (1 +0), ¢* = ¢/y and k* = k/y.*

SOE-RBC Model

Consider now an RBC model for a small open economy (SOE) under the standard, textbook
case of perfect capital mobility and perfect labor immobility. Relative to the RBC model

of a closed economy from above, the domestic household has access to a risk-free asset that

26Combining the first three equations so as to cancel I; and W, gives us

1 - 1
’f‘tZ +X"£Zt—(1—0¢) sdad kt—(l—Oé)T ét.
o+ XK a+ XK o+ XK

Hence, we can rewrite E;[#;11] as a linear combination of Ei[z;41] = p.2t, i€t+1 and E¢[é141], leaving us with
the latter as the only forward-looking variable.
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pays a return of (1 + r{") at time ¢ for each unit invested at time (¢ — 1). For illustrative

purposes, let the world interest rate r}" = r* be fixed. The household’s problem becomes

V(% ki, by, Ky, Bt) = 1max U(Ct, lt) + BE, [V(Zt—i-l; Eeyr, begrs Kiga, Bt+1)]

crobiske 1 b1
st. ¢+ i+ by = wily + ik + (L +1rY)by
iy = ket — (1 — )y |
K1 = Hi(z, Ky, By)
Bii1 = Ho(z, Ky, By)

where b; are the household’s and B; are the aggregate holdings of the risk-free asset. Again,
we plug in the budget constraint for ¢;. This yields a maximization problem w.r.t. l;, kiiq
and b, only. The FOCs w.r.t. [; and k;y; are unchanged. The FOC w.r.t. b, yields

" =BE [ (1+r")] FT (A.25)
The goods market clearing condition becomes
Ct + kt+1 — (1 — 5)kt + bt+1 = €Zt]€?ltl_a + (1 + Tw)bt . (A26)

Also, representativity of the household requires not only the evolution of K;.; to coincide

with that of k;,1, but the same holds for aggregate asset holdings By, 1:
kiy1 = Kipn = H(2, Ky, By) ;. by = B = HQ(ZtaKtaBt)

All other optimality and equilibrium conditions are unchanged.

The six Eqgs. (A.15) to (A.18), (A.25) and (A.26) constitute a non-linear DSGE model,
i.e. a model characterized by Eq. (1) with a non-linear F. The endogenous variables are
Yy = (¢, lyy kiyr, bepr, wy, ), the exogenous variable is e; = z;. The time-invariant r* is

treated as a parameter and included in 6 = (o, 8,7, X, K, 0,7, p,, 02)' .28

As discussed in (Schmitt-Grohé and Uribe, 2003), consumption in locally approximated
versions of this SOE-RBC model follows a unit-root process, which is why the model is often

augmented with a “stationarity-inducing device” such as an external debt-elastic interest

2TTogether with the FOC for k; 1, it determines the domestic rental rate of capital to a level at which the
household’s expected, discounted returns on the risky investment in k;11 and on the risk-free investment in
bi11 are equalized.

28 A time-varying world interest rate would be included in e;.
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rate (EDEIR) . Under an EDEIR, " is replaced by
ry =1r"+¢(By) ,

where ¢(B;) is a decreasing function of aggregate asset holdings B; and satisfies ¢(b) = 0 in
steady state. For the sake of concreteness, following Schmitt-Grohé and Uribe (2003), let

ry =r" 4+ (exp{b— B} — 1) . (A.27)

The EDEIR turns a constant parameter from 6, ", into an endogenously time-varying
parameter. The FOC w.r.t. b1 (Eq. (A.25)) becomes

¢ " =PE [ (1 +7y)] 2 (A.28)

Rational agents are aware of the time-variation in ;" and form expectations about its future
value. To accommodate the EDEIR, we change Eq. (A.25) to Eq. (A.28), we include 7}’ in

y; and ¢ in #, and we leave e; unchanged. 3°

30Under an internal debt-elastic interest rate (IDEIR), ¥ = 7% + ¢ (exp{b—b;} — 1) is a function of
the household’s own asset holdings. This means that the household internalizes the time-variation and
dependence of i on b, leading to the FOC

¢ 7 = BB [e, 5 (1+ ¢y — veap{b—beya})] -
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C Application: Exploring Common Factors

The Table (A-1) contains series used to produce correlation results. The transformation
codes are: 1 - no transformation; 4 - logarithm; 5 - first difference of logarithm; 0 - variable

only used for transforming other variables. All the data are available at FRED web site.

Table A-1: Macroeconomic time series used for correlation analysis

Mnemonics T(C Description

GDPC 5 | Real Gross Domestic Product

INDPRO 5 | Industrial Production Index

UNRATE 1 | Civilian Unemployment Rate

GPDIC96 5 | Real Gross Private Domestic Investment

PNFI 5 | Private Nonresidential Fixed Investment

GCEC96 5 | Real Government Consumption Expenditures

CUmftg 1 | Capacity Utilization: Manufacturing

RPCE 5 | Real Personal Consumption Expenditures

RPCEDG 5 | Real Personal Consumption Expenditures: Durable Goods

HOUST 4 | Housing Starts: Total: New Privately Owned Housing Units
Started

PERMIT 4 | New Private Housing Units Authorized by Building Permits

AWHMAN 1 | Average Weekly Hours: Manufacturing

AWOTMAN 1 | Average Weekly Overtime Hours: Manufacturing

PAYEMS 5 | All Employees: Total nonfarm

MANEMP 5 | All Employees: Manufacturing

USMINE 5 | All Employees: Mining and logging

IC4WSA 4 | 4-Week Moving Average of Initial Claims

NAPM 1 | ISM Manufacturing: PMI Composite Index

NAPMOI 1 | ISM Manufacturing: New Orders Index

NAPMEI 1 | ISM Manufacturing: Employment Index

NAPMII 1 | ISM Manufacturing: Inventories Index

NAPMSDI 1 | ISM Manufacturing: Supplier Deliveries Index

NAPMPRI 1 | ISM Manufacturing: Prices Index

GDPDEF 5 | Gross Domestic Product: Implicit Price Deflator

CPILFESL 5 | Consumer Price Index for All Urban Consumers: All Items Less
Food & Energy

CPIAUCSL 5 | Consumer Price Index for All Urban Consumers: All Items
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Mnemonics T Description

PCEPI 5 | Personal Consumption Expenditures: Chain-type Price Index

FEDFUNDS 1 | Effective Federal Funds Rate

TB3MS 1 | 3-Month Treasury Bill: Secondary Market Rate

GS1 0 | 1-Year Treasury Constant Maturity Rate

GSbH 1 | 5-Year Treasury Constant Maturity Rate

GS10 0 | 10-Year Treasury Constant Maturity Rate

GS5-FFR 1

GS1-FFR 1

GS10-TB3MS 1

DJIA 5 | Dow Jones Industrial Average

DJCA 5 | Dow Jones Composite Average

DJUA 5 | Dow Jones Utility Average

DJTA 5 | Dow Jones Transportation Average

SP500 5 | S&P 500 Stock Price Index

SP500-RV 1 | S&P500: realized volatility

SP500-SK 1 | S&P500: realized skewness

DJIA-RV 1 | DJIA: realized volatility

DJTA-SK 1 | DJIA: realized skewness

BAA 0 | Moodys Seasoned Baa Corporate Bond Yield

AAA 0 | Moodys Seasoned Aaa Corporate Bond Yield

BAA-GS10 1

BAA-AAA 1

BAA-FFR 1

OILPRICE 5 | Spot Oil Price: West Texas Intermediate

ConsMICH 1 | University of Michigan: Consumer Sentiment

TOTALSL 5 | Total Consumer Credit Owned and Securitized, Outstanding

CMDEBT 5 | Households and Nonprofit Organizations; Credit Market Instru-
ments; Liability

TCMDO 5 | All Sectors; Credit Market Instruments; Liability

HCCSDODNS 5 | Households and Nonprofit Organizations; Consumer Credit; Li-
ability

BCNSDODNS 5 | Nonfinancial Corporate Business; Credit Market Instruments; Li-
ability

DODFS Financial Business; Credit Market Instruments; Liability

LOANINV Bank Credit at All Commercial Banks




This Version: 2025-12-23 A.25

Mnemonics T Description

BUSLOANS 5 | Commercial and Industrial Loans, All Commercial Banks
CONSUMERLOANS | 5 | Consumer Loans at All Commercial Banks

M1SL 5 | M1 Money Stock

M2SL 5 | M2 Money Stock

INVEST 5 | Securities in Bank Credit at All Commercial Banks

Table A-2: Most correlated series with Grouped-Factor-Structure factors

Coefficient Factor 1 GDPDEFinfl  CPILFELinfl PCEPIgr AWOTMAN GS5

0.72 0.69 0.66 0.61 0.61
Coefficient Factor 2 ConsMICH GS5H NAPMPRI AWOTMAN TB3MS
0.48 0.43 0.39 0.35 0.34
Coefficient Factor 3 BCNSDODNS GS5 TB3MS FEDFUNDS BUSLOANS
0.52 0.39 0.36 0.35 0.35
Coefficient Factor 4 UNRATE BAA-AAA AWOTMAN GS5 IC4WSA
0.68 0.53 0.51 0.46 0.45
Covariance Factor 1  GS5H GDPDEFinfl CPILFELinfl TB3MS FEDFUNDS
0.69 0.69 0.68 0.67 0.66
Covariance Factor 2 GS5H TB3MS FEDFUNDS NAPMPRI IC4WSA
0.55 0.43 0.39 0.34 0.30
SV Factor 1 AWOTMAN AWHMAN GDPDEFinfl BAA-AAA CPILFELinfl
0.83 0.75 0.67 0.64 0.63
SV Factor 2 CUmftg BAA-GS10 PAYEMSgr  HOUST IC4WSA
0.69 0.66 0.51 0.50 0.49

Notes: Coefficient Factors are the first four elements of ft, Covariance Factors are the first
two elements of f#; SV Factors are the first two elements of f/'; each series is described in
Table A-1. The factors are identified, at best, up to a sign, so we only report absolute
values of correlation coefficients.
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Table A-3: Correlation between Common TVP Factor and share of finance measures

Common Factor Common Factor Trend

Interconnectedness 0.98 0.99
No Defense 0.98 0.98
No Farm No Defense 0.98 0.98
Domestic 0.98 0.98
Share of Services 0.96 0.97
VA fin NIPA 0.97 0.98
WN fin NIPA 0.98 0.98

Notes: Common Factor is the first element f¢, and Common Factor Trend is its trend
obtained by HP filter. Interconnectedness is one minus the measure of direct connectedness
between financial and real sectors from Barattieri et al. (2019). The rest are measures of
the share of finance in GDP from Philippon (2015).
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Table A-4: Dynamic correlations between HP-filter cyclical parts of Common Factor and
share of finance measures against GDP cycle

Common Interconn- No Defense No Farm Domestic Share of VA fin WN fin
Factor ectedness No Defense No Defense Domestic Services  NIPA NIPA

t-10 0.29 0.08 0.01 0.02 0.02 -0.06  -0.01 0.13
t-9 0.34 0.08 0.08 0.08 0.08 0.00 0.05 0.15
t-8 0.36 0.07 0.15 0.15 0.14 0.08 0.13 0.16
t-7 0.36 0.06 0.22 0.21 0.20 0.16 0.20 0.17
t-6 0.35 0.04 0.27 0.25 0.23 0.22 0.26 0.19
t-5 0.32 0.00 0.29 0.27 0.25 0.26 0.29 0.21
t-4 0.27 -0.06 0.28 0.26 0.23 0.26 0.28 0.22
t-3 0.22 -0.12 0.22 0.20 0.16 0.21 0.23 0.21
t-2 0.14 -0.18 0.12 0.11 0.07 0.13 0.14 0.18
t-1 0.06 -0.22 -0.02 -0.03 -0.06 0.02 0.00 0.12
t-0 -0.03 -0.21 -0.18 -0.18 -0.21 -0.12  -0.16 0.04
t+1 -0.14 -0.20 -0.30 -0.29 -0.31 -0.22  -0.28 -0.05
t+2 -0.25 -0.18 -0.36 -0.35 -0.35 -0.26  -0.33 -0.14
t+3 -0.36 -0.16 -0.34 -0.33 -0.33 -0.25  -0.32 -0.20
t+4 -0.44 -0.15 -0.26 -0.24 -0.23 -0.17  -0.24 -0.22
t+5 -0.46 -0.14 -0.13 -0.12 -0.11 -0.06  -0.12 -0.22
t+6 -0.46 -0.09 -0.03 -0.01 0.00 0.03  -0.02 -0.17
t+7 -0.43 -0.03 0.05 0.06 0.08 0.09 0.06 -0.11
t+8 -0.37 0.04 0.12 0.12 0.14 0.13 0.12 -0.04
t+9 -0.31 0.11 0.15 0.15 0.17 0.14 0.14 0.03
t+10 -0.23 0.16 0.15 0.15 0.17 0.13 0.14 0.08

Notes: We estimate the cyclical part of each series using HP filter with A = 1600. The first
row contains the correlation between each column series at t — 10 GDP cycle at time ¢, and
SO On.
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Table A-5: Most correlated series with HP-filter cyclical components

A28

Common Factor

Interconnectedness

No Defense

No Farm No Defense

Domestic

Share of Services

VA fin NIPA

WN fin NIPA

PERMIT
0.47
GS10-TB3MS
0.44
BUSLOANS
0.37
BUSLOANS
0.37
BUSLOANS
0.40
BUSLOANS
0.29
BUSLOANS
0.36
NAPMOI
0.32

HOUST
0.44
BAA-FFR
0.40
NAPMOI
0.32
NAPMOI
0.31
NAPMOI
0.30
NAPMOI
0.25
NAPMOI
0.31
PAYEMS
0.30

BCNSDODNS TOTALSL

0.39
DJUAret
0.36
GS5-FFR
0.26
GS5-FFR
0.25
GS5-FFR
0.27
SP500-RV
0.22
GS5-FFR
0.24
NAPM
0.29

0.38

M1SL

0.34
GS10-TB3MS
0.24
GS10-TB3MS
0.23
GS10-TB3MS
0.27

DJIA-RV
0.21

INVEST

0.22
MANEMP
0.28

HCCSDODNS
0.37
GS5-FFR
0.33

GDP

0.23

LOANS

0.23

LOANS

0.25

LOANS

0.20

GDP

0.22
BCNSDODNS
0.28

Notes: We estimate the cyclical part of each series using HP filter with A = 1600. Common
Factor is the first element ff , and Common Factor Trend is its trend obtained by HP filter.
Interconnectedness is one minus the measure of direct connectedness between financial and
real sectors from Barattieri, Eden and Stevanovic (2013). The rest are measures of the

share of finance in GDP from Phillipon (2012). Each series is described in Table (A-1)
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Table A-6: Correlation between Stochastic Volatility Factors and uncertainty measures

JLN firm uncertainty

Stochastic Volatility Factor 1  Stochastic Volatility Factor 2

U(h=1) 0.17 0.21
U(h=2) 0.22 0.19
U(h=3) 0.24 0.18
U(h=4) 0.25 0.18
U(h=5) 0.25 0.18
U(h=6) 0.24 0.18
JLN macro uncertainty
Stochastic Volatility Factor 1 Stochastic Volatility Factor 2
U(h=1) 0.84 0.11
U(h=2) 0.84 0.12
U(h=3) 0.85 0.15
U(h=4) 0.85 0.17
U(h=5) 0.85 0.19
U(h=6) 0.85 0.21
U(h=7) 0.86 0.23
U(h=8) 0.85 0.24
U(h=9) 0.85 0.26
U(h=10) 0.85 0.28
U(h=11) 0.85 0.29
U(h=12) 0.85 0.31
Bloom policy uncertainty
Stochastic Volatility Factor 1 Stochastic Volatility Factor 2
Uncertainty 0.39 0.49

Notes: Stochastic Volatility Factors 1 and 2 are the first two elements of fﬁ respectively.

The JLN firm uncertainty measures contain common unforecastable components for

horizons of 1 to 6 quarters, and the JLN macro uncertainty is constructed for horizons of 1

to 12 months. Since the macro uncertainties are measured in months in Jurado et al.

(2015), we aggregate them to quarterly frequency. Baker et al. (2013) calculate the policy

uncertainty in monthly frequency from 1985M01 and we aggregate it to quarters.
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D Application: Forecasting Detalils

Table A-7: Point Forecast RMSE’s (2 lag models)

Model 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q
Real GDP

TVP-VAR-SV 0.62 066 0.72 0.71 0.72 0.68 0.69 0.67

GF-TVP-VAR-SV 1.04* 1.04 1.04 1.03 1.03 1.05 1.02 1.02

CF-TVP-VAR-SV 1.08 1.06 1.04 1.02 1.02 1.04 1.02 1.01
Inflation

TVP-VAR-SV 0.21 0.22 0.24 0.25 027 0.28 0.29 0.30

GF-TVP-VAR-SV  0.98 1.00 098 0.98 0.98 0.99 0.98 0.99

CF-TVP-VAR-SV 096 096 094 095 096 0.96 0.96 0.98

FFR

TVP-VAR-SV 038 0.78 1.14 1.49 1.78 2.04 226 244

GF-TVP-VAR-SV  1.00 1.00 1.01 1.02 1.03 1.03 1.03 1.03

CF-TVP-VAR-SV 1.02* 1.02 1.02 1.03 1.04 1.04 1.04 1.04

Credit Spread

TVP-VAR-SV 0.36  0.58 0.71 0.79 0.84 0.88 0.90 0.92

GF-TVP-VAR-SV  1.00 1.00 1.01 1.02 1.02* 1.02 1.02 1.02

CF-TVP-VAR-SV 1.01 1.01 1.01 1.01 1.01 1.01 1.02 1.02

Notes: We show RMSEs for the benchmark TVP-VAR-SV model in the first line of each
panel, and RMSE ratios in the subsequent lines to the respective models. In parentheses
we show p-values of Diebold-Mariano tests of equal MSE against the one-sided alternative
that the model with time-varying volatility is more accurate, obtained using standard
normal critical values. We compute the standard errors entering the Diebold-Mariano
statistics using Newey-West.
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Table A-8: Point Forecast RMSE’s (5 lag models)

Model 1Q 2Q 3Q 4Q 5Q 6Q 7Q 8Q
Real GDP
TVP-VAR-SV 0.75 0.82 0.88 0.84 0.85 0.75  0.82 0.92
GF-TVP-VAR-SV 1.13 0.90 0.89  0.88 0.85 0.89 0.85 0.77
CF-TVP-VAR-SV 1.18 0.91 093  0.87 0.84 089 0.85 0.76
Inflation
TVP-VAR-SV 0.25 0.27 0.25  0.26 0.28 0.29 0.32 0.37
GF-TVP-VAR-SV 091 0.85** 0.85* 0.83** 0.84* 0.79* 0.79"* 0.75"**
CF-TVP-VAR-SV 091 0.86** 0.88* 0.86" 0.90 0.85* 0.84* 0.81"*
FFR
TVP-VAR-SV 0.40 0.82 1.19 1.56 1.90 222 252 2.83
GF-TVP-VAR-SV 1.13 1.18 1.17 1.12 1.08 1.04 1.01 0.97
CF-TVP-VAR-SV 1.17 1.25* 1.25*  1.20 1.16  1.11 1.07 1.03
Credit Spread
TVP-VAR-SV 0.37 0.62 0.75  0.85 0.95 1.02 1.04 1.08
GF-TVP-VAR-SV 1.03 0.98 0.94 090 0.86 0.83  0.81 0.79
CF-TVP-VAR-SV 1.06 1.01 0.96 093 0.88 0.85 0.85 0.82

Notes: We show RMSEs for the benchmark TVP-VAR-SV model in the first line of each
panel, and RMSE ratios in the subsequent lines to the respective models. In parentheses
we show p-values of Diebold-Mariano tests of equal MSE against the one-sided alternative
that the model with time-varying volatility is more accurate, obtained using standard
normal critical values. We compute the standard errors entering the Diebold-Mariano
statistics using Newey-West.
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Table A-9: 68% Interval Forecast Evaluation - Coverage and Length (2 lags)

Model 1Q 2Q 4Q 8Q
Real GDP
TVP-VAR-SV 0.68 [1.18] [ 0.66 [1.26] [ 0.79" [1.41] | 0.82* [1.65]

GF-TVP-VAR-SV  0.66 [1.19] | 0.66 [1.26] | 0.72 [1.39] | 0.81™ [1.61]
CF-TVP-VAR-SV  0.71 [1.19] | 0.67 [1.24] | 0.70  [1.38] | 0.83"* [1.5§]
Inflation
TVP-VAR-SV 0.78* [0.44] | 0.71 [0.50] | 0.82*** [0.63] | 0.83"** [0.82]
GF-TVP-VAR-SV  0.77* [0.45] | 0.69 [0.50] | 0.79** [0.63] | 0.81** [0.82]
CF-TVP-VAR-SV  0.77* [0.45] | 0.76 [0.51] | 0.83** [0.64] | 0.83*** [0.82]
FFR
TVP-VAR-SV 0.69 [0.76] | 0.70 [1.54] | 0.69 [2.92] | 0.70  [4.75]
GF-TVP-VAR-SV  0.71 [0.76] | 0.71 [1.54] | 0.67 [2.91] | 0.67 [4.73]
CF-TVP-VAR-SV  0.73 [0.81] | 0.76 [1.57] | 0.67 [2.88] | 0.65 [4.63]

Credit Spread
TVP-VAR-SV 0.67 [0.46] | 0.60 [0.73] | 0.66 [1.09] | 0.69  [1.59]
GF-TVP-VAR-SV  0.69 [0.46] | 0.61 [0.72] | 0.65 [1.09] | 0.69  [1.56]
CF-TVP-VAR-SV  0.66 [0.42] | 0.62 [0.66] | 0.60 [1.00] | 0.66  [1.47]

Notes: The table reports coverage rates of 68% interval forecasts at horizons of 1, 2, 4, and
8 quarters ahead, obtained from VARs with two lags. Reported values are the proportion
of realized observations falling inside the predictive intervals. A value close to 0.68
indicates accurate unconditional coverage. Asterisks denote significance levels of
Christoffersen’s likelihood-ratio tests for correct coverage (p < 0.10;,p < 0.05;,p < 0.01).
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Table A-10: 68% Interval Forecast Evaluation - Coverage and Length (5 lags)

Model 1Q 2Q 4Q 8Q
Real GDP
TVP-VAR-SV 0.78 [2.01] | 0.87** [2.35] | 0.95*** [3.24] | 0.99*** [5.54]

GF-TVP-VAR-SV  0.77*  [1.87] | 0.83** [2.02] | 0.93*** [2.69] | 0.97** [4.31]
CF-TVP-VAR-SV  0.71  [1.78] | 0.80** [1.93] | 0.92*** [2.57] | 0.96** [4.15]
Inflation
TVP-VAR-SV 0.82*** [0.66] | 0.83*** [0.78] | 0.93*** [1.08] | 0.98"** [1.99]
GF-TVP-VAR-SV  0.83** [0.62] | 0.91** [0.69] | 0.91*** [0.94] | 0.98** [1.62]
CF-TVP-VAR-SV  0.82** [0.59] | 0.86** [0.66] | 0.90*** [0.90] | 0.98** [1.59]
FFR
TVP-VAR-SV 0.80*** [0.91] | 0.80** [2.00] | 0.82** [3.98] | 0.81* [7.51]
GF-TVP-VAR-SV ~ 0.66 [0.90] | 0.64 [1.94] | 0.65 [3.72] | 0.72 [6.65]
CF-TVP-VAR-SV ~ 0.61 [0.80] | 0.66 [1.76] | 0.60 [3.46] | 0.71  [6.40]
Credit Spread
TVP-VAR-SV 0.72  [0.59] | 0.72  [1.00] | 0.77  [1.59] | 0.92** [2.69]
GF-TVP-VAR-SV ~ 0.73  [0.56] | 0.72 [0.92] | 0.76  [1.39] | 0.89** [2.15]
CF-TVP-VAR-SV  0.67 [0.49] | 0.64 [0.83] | 0.71 [1.29] | 0.80 [2.03]

Notes: The table reports coverage rates of 68% interval forecasts at horizons of 1, 2, 4, and
8 quarters ahead, obtained from VARs with five lags. Reported values are the proportion
of realized observations falling inside the predictive intervals. A value close to 0.68
indicates accurate unconditional coverage. Asterisks denote significance levels of
Christoffersen’s likelihood-ratio tests for correct coverage (p < 0.10;,p < 0.05;,p < 0.01).
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Table A-11: 68% Christoffersen Likelihood-Ratio Tests (2 Lags, horizon 1)

Model Coverage Independence Joint
Real GDP
TVP-VAR-SV 13.32%* 1.54 14.86™**
GF-TVP-VAR-SV  16.93*** 0.75 17.69**
CF-TVP-VAR-SV 8.64** 0.83 9.47%*
Inflation
TVP-VAR-SV 2.12 1.17 3.28
GF-TVP-VAR-SV 3.84** 0.07 3.91
CF-TVP-VAR-SV 3.84** 0.09 3.94
FFR
TVP-VAR-SV 13.32%* 0.93 14.26™*
GF-TVP-VAR-SV  10.10** 2.48 12.58**
CF-TVP-VAR-SV 7.28%* 9.13** 16.41*
Credit Spread

TVP-VAR-SV 15.08** 0.33 15.41%
GF-TVP-VAR-SV  13.32** 0.38 13.70**
CE-TVP-VAR-SV  18.88*** 1.55 20.43**

Notes: The table reports Christoffersen’s likelihood-ratio (LR) test statistics for 68%
interval forecasts at horizon of 1 quarter ahead, obtained from VARs with two lags. The
tests assess unconditional coverage, independence of violations, and their joint hypothesis.
Reported statistics are compared to the y? distribution with the appropriate degrees of
freedom. Asterisks denote significance levels (p < 0.10;,p < 0.05;,p < 0.01).
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Table A-12: 68% Christoffersen Likelihood-Ratio Tests (5 Lags, horizon 1)

Model Coverage Independence Joint
Real GDP
TVP-VAR-SV 2.92* 0.00 2.92
GF-TVP-VAR-SV 2.92* 0.99 3.91
CF-TVP-VAR-SV  10.10** 0.20 10.30**
Inflation
TVP-VAR-SV 0.16 0.69 0.85
GF-TVP-VAR-SV 0.16 1.81 1.97
CF-TVP-VAR-SV 0.16 0.32 0.49
FFR
TVP-VAR-SV 1.44 1.27 2.70
GF-TVP-VAR-SV  18.88*** 7.60* 26.48***
CF-TVP-VAR-SV  29.96*** 13.33** 43.29**
Credit Spread

TVP-VAR-SV 7.28** 0.28 7.56*
GF-TVP-VAR-SV 7.28%* 0.45 7.73*
CE-TVP-VAR-SV  15.08*** 0.26 15.34*

Notes: The table reports Christoffersen’s likelihood-ratio (LR) test statistics for 68%
interval forecasts at horizon of 1 quarter ahead, obtained from VARs with five lags. The
tests assess unconditional coverage, independence of violations, and their joint hypothesis.
Reported statistics are compared to the y? distribution with the appropriate degrees of
freedom. Asterisks denote significance levels (p < 0.10;,p < 0.05;,p < 0.01).
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Table A-13: 68% Christoffersen Likelihood-Ratio Tests (2 Lags, horizon 8)

Model Coverage Independence Joint
Real GDP
TVP-VAR-SV 0.45 5.24** 5.70%
GF-TVP-VAR-SV 0.88 6.63* 7.51*
CF-TVP-VAR-SV 0.16 6.72%** 6.89*
Inflation
TVP-VAR-SV 0.16 0.48 0.65
GF-TVP-VAR-SV 0.88 0.03 0.91
CF-TVP-VAR-SV 0.16 0.48 0.65
FFR
TVP-VAR-SV 11.66™** 41.20%* 52.86**
GF-TVP-VAR-SV  16.93*** 44.98** 61.91**
CE-TVP-VAR-SV  20.92** 54.35%** 75.27%
Credit Spread

TVP-VAR-SV 13.32%* 42 .53 55.86"**
GF-TVP-VAR-SV  13.32** 42 .53 55.86***
CF-TVP-VAR-SV  18.88*** 53.27 72.15%

Notes: The table reports Christoffersen’s likelihood-ratio (LR) test statistics for 68%
interval forecasts at horizon of 8 quarters ahead, obtained from VARs with two lags. The
tests assess unconditional coverage, independence of violations, and their joint hypothesis.
Reported statistics are compared to the y? distribution with the appropriate degrees of
freedom. Asterisks denote significance levels (p < 0.10;,p < 0.05;,p < 0.01).
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Table A-14: 68% Christoffersen Likelihood-Ratio Tests (5 Lags, horizon 8)

Model Coverage Independence Joint
Real GDP
TVP-VAR-SV 26.00** 0.02 26.02**
GF-TVP-VAR-SV  17.01** 11.87* 28.88***
CF-TVP-VAR-SV  13.75"* 8.48** 22.23***
Inflation
TVP-VAR-SV 20.97* 0.08 21.06™*
GF-TVP-VAR-SV  20.97* 0.08 21.06™*
CF-TVP-VAR-SV  20.97*** 0.08 21.06***
FFR
TVP-VAR-SV 0.88 29.95%* 30.83***
GF-TVP-VAR-SV 8.64** 56.23*** 64.87**
CEF-TVP-VAR-SV  10.10** 57.91* 68.01***
Credit Spread

TVP-VAR-SV 5.11* 11.52% 16.63**
GF-TVP-VAR-SV 1.71 23.93** 25.64**
CF-TVP-VAR-SV 1.44 27.92%* 29.35**

Notes: The table reports Christoffersen’s likelihood-ratio (LR) test statistics for 68%
interval forecasts at horizon of 8 quarters ahead, obtained from VARs with five lags. The
tests assess unconditional coverage, independence of violations, and their joint hypothesis.
Reported statistics are compared to the y? distribution with the appropriate degrees of
freedom. Asterisks denote significance levels (p < 0.10;,p < 0.05;,p < 0.01).



This Version: 2025-12-23

Table A-15: Density Forecast Accuracy - CRPS (2 Lag models)

A.38

Model 1Q 2Q 4Q 8Q
Real GDP
TVP-VAR-SV 0.34 0.36 0.38 0.38
GF-TVP-VAR-SV -3.57*** -3.60** —3.59* —0.88
CF-TVP-VAR-SV  —-5.33* —=5.76* —3.92 0.38
Inflation
TVP-VAR-SV 0.12 0.13 0.14 0.18
GF-TVP-VAR-SV 0.78 —0.16 0.70 0.48
CF-TVP-VAR-SV 2.25 1.90 2.02 2.12
FFR
TVP-VAR-SV 0.20 0.43 0.84 1.42
GF-TVP-VAR-SV  —0.23 —0.55 —1.72  —-3.06
CF-TVP-VAR-SV  —4.78* -3.74* —-3.10 —3.81*
Credit Spread
TVP-VAR-SV 0.16 0.28 0.38 0.47
GF-TVP-VAR-SV 0.07 —-0.04 —2.05* -—-1.091
CF-TVP-VAR-SV  —1.88 —-2.56  —4.10" —1.60

Notes: The table reports CRPS results for out-of-sample density forecasts. For each
variable, the rows reports the relative CRPS calculated as the percentage decrease of the
CRPS when using the respective model rather than the benchmark TVP-VAR; positive
numbers indicate improvement over the benchmark TVP-VAR case. The respective first
rows reports the CRPS for the benchmark TVP-VAR case. Statistical significance of the
differences in average CRPS assessed with a Diebold and Mariano (1995) test is indicated
by the corresponding numbers in brackets.
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Table A-16: Density Forecast Accuracy - CRPS (5 Lag models)

Model 1Q 2Q 4Q 8Q
Real GDP
TVP-VAR-SV 0.42 0.45 0.53 0.74

GF-TVP-VAR-SV  —8.04 6.84 11.29**  19.56***
CF-TVP-VAR-SV  —10.74 7.59 13.02**  21.97*
Inflation

TVP-VAR-SV 0.14 0.15 0.17 0.27
GF-TVP-VAR-SV  6.89** 13.27*  12.95** 18.07***
CF-TVP-VAR-SV 6.87* 13.10™*  13.60*** 18.67***
FFR
TVP-VAR-SV 0.21 0.45 0.87 1.56
GF-TVP-VAR-SV —17.27* —20.69* —13.33 0.69
CF-TVP-VAR-SV —22.30* —28.38* —21.57 —4.21
Credit Spread

TVP-VAR-SV 0.17 0.30 0.42 0.53
GF-TVP-VAR-SV  —3.04 0.50 5.10 11.69
CF-TVP-VAR-SV  —8.17 —4.32 1.65 8.51

Notes: The table reports CRPS results for out-of-sample density forecasts. For each
variable, the rows reports the relative CRPS calculated as the percentage decrease of the
CRPS when using the respective model rather than the benchmark TVP-VAR; positive
numbers indicate improvement over the benchmark TVP-VAR case. The respective first
rows reports the CRPS for the benchmark TVP-VAR case. Statistical significance of the
differences in average CRPS assessed with a Diebold and Mariano (1995) test is indicated
by the corresponding numbers in brackets.
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